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1Introduction
Thesplitcommonﬁxedpointproblemhasrecentlyattractedsomuchattention(see,e.g.,[–])duetothefactthatitisageneralizationofthesplitfeasibilityproblemandtheconvexfeasibilityproblem.Inthispaper,weaimtoconstructiterativealgorithmsforsolvingthesplitcommonﬁxedpointproblemfortheclassofquasi-pseudo-contractiveoperators.Thismoregeneralclass,whichproperlyincludestheclassesofquasi-nonexpansiveoperators,directedoperators,anddemicontractiveoperators,ismoredesirableforexampleinﬁxedpointmethodsinimagerecoverywhereinmanycases,itispossibletomapthesetofimagespossessingacertainpropertytotheﬁxedpointsetofanonlinearquasinonexpansiveoperator.Ourworkisrelatedtosigniﬁcantreal-worldapplications;seeforinstance[–]and[–],wheresuchmethodswereappliedtotheinverseproblemofintensity-modulatedradiationtherapyandtothedynamicemissiontomographicimagereconstruction.Basedontherelatedworkintheliterature,wepresentauniﬁedframeworkforthestudyofthisclassproblemandclassofoperatorsandproposeiterativealgorithmsandstudytheirconvergence.
Tobeginwith,letusrecallthatthesplitfeasibilityproblemistoﬁndapoint
x∗∈CsuchthatAx∗∈Q,	(.)
whereCandQaretwononemptyclosedconvexsubsetsofrealHilbertspacesHandH,respectivelyandA:H→Hisaboundedlinearoperator.

Thesplitfeasibilityprobleminﬁnite-dimensionalHilbertspaceswasﬁrstintroducedbyCensorandElfving[]formodelinginverseproblemswhicharisefromphaseretrievalsandinmedicalimagereconstruction.Theyusedtheirsimultaneousmultiprojectionsalgorithmtoobtainiterativealgorithmstosolvethesplitfeasibilityproblem.Theiralgorithms,aswellasothers,see,e.g.,Byrne[],involvematrixinversionateachiterativestep.Calculatingtheinversesofmatricesisverytime-consuming,particularlyifthedimensionsarelarge.Therefore,anewalgorithmforsolvingthesplitfeasibilityproblemwasdevisedbyByrne[],calledtheCQ-algorithm,withthefollowingiterativestep:
xn+=PCxn–γA∗(I–PQ)Axn,n≥,(.)
where<γ</AandPQdenotesthenearestpointprojectionfromHontoQ.TheCQ-algorithmconvergestoasolutionofthesplitfeasibilityproblem,foranystartingvectorx∈RN,wheneverthesplitfeasibilityproblemhasasolution.Whenthesplitfeasibilityproblemhasnosolutions,theCQ-algorithmconvergestoaminimizerofPQ(Ac)–Acoverallc∈C,wheneversuchaminimizerexists.
InthecasewhereCandQin(.)aretheintersectionsofﬁnitelymanyﬁxedpointsetsofnonlinearoperators,problem(.)iscalledbyCensorandSegal[]thesplitcommonﬁxedpointproblem.Moreprecisely,thesplitcommonﬁxedpointproblemrequiresonetoseekanelementx∗∈Hsatisfying
mn
x∗∈Fix(Ti)andAx∗∈Fix(Sj),(.)i=j=
whereFix(Ti)andFix(Sj)denotetheﬁxedpointsetsoftwoclassesofnonlinearoperatorsTi:H→HandSj:H→H,respectively.
mn
Remark.IfwesetC=i=Fix(Ti)andQ=j=Fix(Sj),anaturalproblemarises:couldweuseiterativealgorithm(.)toapproachthesolutionofthesplitcommonﬁxedpointproblem(.)?However,inthissituation,Byrne’sCQ-algorithmdoesnotworkbecausethemetricprojectionontoﬁxedpointsetsisgenerallynoteasytocalculate.
Consequently,inordertosolvethetwo-setsplitcommonﬁxedpointproblem,CensorandSegal[]constructedthefollowingiterativealgorithmwithoutusingtheprojection.
Algorithm.Initialization:Letx∈RNbearbitrary.Iterativestep:Fork≥let
xk+=Txk+λA∗(S–I)Axk,k≥,(.)
whereTandSaredirectedoperatorsandλ∈(,/γ)withγbeingthespectralradiusoftheoperatorA∗A.
Theyhaveshownthefollowingconvergencetheorem.
Theorem.AssumethatT–IandS–Iaredemiclosedat.If:={x∈Fix(T);Ax∈Fix(S)}=∅,i.e.,theproblemisconsistent,thenanysequence{xk},generatedbyAlgorithm.,convergestoasplitcommonﬁxedpointx∗∈.
Remark.NotethattheunderlyingspaceinTheorem.isaﬁnite-dimensionalspaceRN.Hence,thestrongconvergenceandweakconvergenceareconsistent.Couldweextendittoaninﬁnite-dimensionalspace?
In[],Moudaﬁdemonstratedthisworkforus.Henotonlyextendedthespacetotheinﬁnite-dimensionalcasebutalsoextendedtheoperatorstoageneralclassofoperatorsandobtainedthefollowingalgorithmandresult.
Algorithm.Initialization:Letx∈Hbearbitrary.Iterativestep:Fork∈Nsetuk=xk+λA∗(S–I)Axkandlet
xk+=(–αk)uk+αkT(uk),k∈N,(.)
whereλ∈(,–μ)withγbeingthespectralradiusoftheoperatorA∗Aandαk∈(,).
γ
Theorem.GivenaboundedlinearoperatorA:H→H,letT:H→HandS:H→Hbedemicontractiveoperators(withconstantsβandμ,respectively)withnonemptyFix(T)=CandFix(S)=Q.AssumethatT–IandS–Iaredemiclosedat.If=∅,thenanysequence{xk}generatedbytheAlgorithm.convergesweaklytoasplitcommonﬁxedpointx∗∈,providedthatαk∈(δ,–β–δ)forasmallenoughδ>.
Remark.ItisclearthatAlgorithm.isarelaxationversionofAlgorithm..Theorem.extendedTheorem.fromdirectedoperatorstodemicontractiveoperatorsandfromﬁnite-dimensionalspacestoinﬁnite-dimensionalspaces.
Remark.NoticethatTheorem.hasonlyweakconvergenceininﬁnite-dimensionalspaces,anditiswellknownthatthestrongconvergencetheoremisalwaysmoreconvenienttouse.Couldweconstructanalgorithmsuchthatthestrongconvergenceisguaranteedintheinﬁnite-dimensionalspaces?
Forthispurpose,HeandDu[]presentedthefollowinghybridalgorithm.
Algorithm.
⎧⎪
⎪x∈Cchosenarbitrarily,
⎪
⎪
⎪
⎪
⎪
⎪yn=(–α)xn+αTxn,
⎪
⎪
⎪
⎨
zn=βxn+(–β)Tyn,(.)
⎪
⎪wn=PC(zn+λA∗(S–I)Axn),
⎪
⎪
⎪
⎪
	⎪Cn+={v∈Cn:wn
	–v≤zn
	–v≤xn
	–v},
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	⎩xn+=PCn+(x),
	∀n∈N,
	
	



wherePisaprojectionoperator.
Remark.Algorithm.hasstrongconvergenceundersomemildassumptions.However,Algorithm.isinvolvedwiththecomputationofmetricprojection.Thismightseriouslyaﬀecttheeﬃciencyofthemethod.
Toovercometheabovediﬃculty,theso-calledself-adaptivemethodwhichpermitsstepsizebeingselectedself-adaptivelywasdeveloped.Especially,in[],Yaoetal.presentedthefollowingalgorithm.
Algorithm.LetCandQbenonemptyclosedconvexsubsetsofrealHilbertspacesH
√
andH,respectively.Letψ:C→Hbeaδ-contractionwithδ∈[,).LetA:H→H

beaboundedlinearoperator.Forgivenx∈C,assumethat{xn}hasbeenconstructed.If∇f(xn)=,thenstopandxnisasolutionofthe(.).Otherwise,continueandcomputexn+bytherecursion
xn+=PCαnψ(xn)+(–αn)xn–∇ρnff((xxnn))∇f(xn),n≥,(.)
where{αn}⊂(,)and{ρn}⊂(,).
Consequently,Yaoetal.provedthestrongconvergenceof(.)undersomeadditionalconditions.Further,ZhouandWang[]usedanewanalysistechniquetoprovetheconvergenceof(.)undersomemildconditions.
Thepurposeofthispaperistwofold.First,wewillconsiderthesplitcommonﬁxedpointproblemfortheclassofquasi-pseudo-contractiveoperatorswhichismoregeneralthanthattheclassesofquasi-nonexpansiveoperators,directedoperatorsanddemicontractiveoperators.Secondly,wewillconstructiterativealgorithmswithstrongconvergencewithoutusingtheprojection.Ourresultsprovideauniﬁedframeworkforthestudyofthisproblemandthisclassofoperators.
2Preliminaries
Inthissection,wecollectsometoolsincludingsomedeﬁnitions,someusefulinequalitiesandlemmaswhichwillbeusedtoderiveourmainresultsinthenextsection.
LetHbearealHilbertspacewithinnerproduct·,·andnorm·,respectively.LetCbeanonemptyclosedconvexsubsetofH.LetT:C→Cbeanoperator.WeuseFix(T)todenotethesetofﬁxedpointsofT,thatis,Fix(T)={x|x=Tx,x∈C}.
Deﬁnition.AnoperatorT:C→Cissaidtobe
(i)NonexpansiveifTx–Ty≤x–yforallx,y∈C.
(ii)Quasi-nonexpansiveifTx–x∗≤x–x∗forallx∈Candx∗∈Fix(T).

(iii)FirmlynonexpansiveifTx–Ty≤x–y–(I–T)x–(I–T)yforall
x,y∈C.

(iv)Firmlyquasi-nonexpansiveifTx–x∗≤x–x∗–Tx–xforallx∈Candx∗∈Fix(T).
(v)Strictlypseudo-contractiveifTx–Ty≤x–y+k(I–T)x–(I–T)yforallx,y∈C,wherek∈[,).
(vi)DirectedifTx–x∗,Tx–x≤forallx∈Candx∗∈Fix(T).

(vii)DemicontractiveifTx–x∗≤x–x∗+kTx–xforallx∈Cand
x∗∈Fix(T),wherek∈[,).

Remark.TheconceptofdirectedoperatorswasintroducedandinvestigatedbyBauschkeandCombettesin[]andbyCombettesin[].TheyprovedthatT:C→Cisdirectedifandonlyif
∗∗
x
Tx–x≤–x–Tx–x
forallx∈Candx∗∈Fix(T).Itcanbeseeneasilythattheclassofdirectedoperatorscoincideswiththatofﬁrmlyquasi-nonexpansiveoperators.
Remark.Fromtheabovedeﬁnitions,wenotethattheclassofdemicontractiveoperatorscontainsimportantoperatorssuchasthedirectedoperators,thequasi-nonexpansiveoperatorsandthestrictlypseudo-contractiveoperatorswithﬁxedpoints.Suchaclassofoperatorsisfundamentalbecauseitincludesmanytypesofnonlinearoperatorsarisinginappliedmathematicsandoptimization.
Deﬁnition.AnoperatorT:C→Cissaidtobepseudo-contractiveif
Tx–Ty,x–y≤x–y
forallx,y∈C.
Theinterestofpseudo-contractiveoperatorsliesintheirconnectionwithmonotone
operators;namely,Tisapseudo-contractionifandonlyifthecomplementI–Tisa
monotoneoperator.ItiswellknownthatTispseudo-contractiveifandonlyif
Tx–Ty≤x–y+(I–T)x–(I–T)y
forallx,y∈C.
Deﬁnition.AnoperatorT:C→Cissaidtobequasi-pseudo-contractiveif
∗∗
Tx–x≤x–x+Tx–x(.)

forallx∈Candx∗∈Fix(T).
Itisobviousthattheclassofquasi-pseudo-contractivemappingsincludestheclassofdemicontractivemappings.
Deﬁnition.AnoperatorT:C→CissaidtobeL-LipschitzianifthereexistsL>suchthat
Tx–Ty≤Lx–y
forallx,y∈C.
Usually,theconvergenceofﬁxedpointalgorithmsrequiressomeadditionalsmoothnesspropertiesofthemappingTsuchasdemi-closedness.
Deﬁnition.AnoperatorTissaidtobedemiclosedif,foranysequence{xn}whichweaklyconvergestox˜,andifthesequence{T(xn)}stronglyconvergestoz,thenT(x˜)=z.
Forallx,y∈H,thefollowingconclusionshold:

tx+(–t)y=tx+(–t)y–t(–t)x–y,t∈[,],(.)
x+y=x+x,y+y,(.)
and
x+y≤x+y,x+y.(.)
Lemma.([])Assumethat{an}isasequenceofnonnegativerealnumberssuchthat
an+≤(–γn)an+δn,n∈N,
where{γn}isasequencein(,)and{δn}isasequencesuchthat
∞
()n=γn=∞;
δn∞

()lim supn→∞γn≤orn=|δn|<∞.
Thenlimn→∞an=.
Lemma.([])Let{wn}beasequenceofrealnumbers.Assume{wn}doesnotdecreaseatinﬁnity,thatis,thereexistsatleastasubsequence{wnk}of{wn}suchthatwnk≤wnk+forallk≥.Foreveryn≥N,deﬁneanintegersequence{τ(n)}as
τ(n)=max{i≤n:wni<wni+}.
Thenτ(n)→∞asn→∞andforalln≥N
max{wτ(n),wn}≤wτ(n)+.
3Mainresults
Inthissection,weﬁrstshowseveralpropertiesforLipschitzianoperatorsandquasi-pseudo-contractiveoperators.Thesepropertieswillbeveryusefulforourmaintheorem.Theﬁrstpropertyissaidtobecommutativityinthesenseofthesetofﬁxedpointsoftwooperators.
Property.(Commutativity)LetHbeaHilbertspace.LetT:H→HbeanL-LipschitzianoperatorwithL>.Then

Fix (–ζ)I+ζTT=Fix T(–ζ)I+ζT=Fix(T)
forallζ∈(,).
L
ProofWewilldivideourproofintotwosteps:
(i)Fix(((–ζ)I+ζT)T)=Fix(T);
(ii)Fix(T((–ζ)I+ζT))=Fix(T).

Proofof(i).Fix(T)⊂Fix(((–ζ)I+ζT)T)isobvious.WeonlyneedtoprovethatFix(((–ζ)I+ζT)T)⊂Fix(T).Letx† ∈Fix(((–ζ)I+ζT)T).Thus,((–ζ)I+ζT)Tx† =x†.Observe
that
x† –Tx†=(–ζ)I+ζTTx† –Tx†
=ζTTx†–Tx†
≤ζLTx† –x†.
SinceζL<,wegetx† =Tx†.Thatis,x† ∈Fix(T).Hence,Fix(((–ζ)I+ζT)T)⊂Fix(T).Proofof(ii).Fix(T)⊂Fix(T((–ζ)I+ζT))isobvious.Next,weshowthatFix(T((–ζ)I+ζT))⊂Fix(T).Takeanyx∗∈Fix(T((–ζ)I+ζT)).WehaveT((–ζ)I+ζT)x∗=x∗.SetU=(–ζ)I+ζT.
WehaveTUx∗=x∗.WriteUx∗=y∗.ThenTy∗=x∗.Nowweshowx∗=y∗.Infact,
x∗–y∗=Ty∗–Ux∗
=Ty∗–(–ζ)x∗–ζTx∗
=ζTy∗–Tx∗
≤ζLy∗–x∗.
Sinceζ<,wededucey∗=x∗∈Fix(U)=Fix(T).Thus,x∗∈Fix(T).Hence,Fix(T((–
L
ζ)I+ζT))⊂Fix(T).Therefore,Fix(T((–ζ)I+ζT))=Fix(T).� 
ThesecondpropertyisthedemiclosedprinciplefortheoperatorI–T((–ζ)I+ζT)undersomemildconditions.
Property.(Demiclosedness)LetHbeaHilbertspace.LetT:H→HbeanL-LipschitzianoperatorwithL>.IfI–Tisdemiclosedat,thenI–T((–ζ)I+ζT)isalsodemiclosedatwhenζ∈(,).
L
ProofLetthesequence{un}⊂Hsatisfyingunx˜andun–T((–ζ)I+ζT)un→.Next,wewillshowthatx˜∈Fix(T((–ζ)I+ζT)).FromProperty.,weonlyneedtoprovethatx˜∈Fix(T).Asamatteroffact,sinceTisL-Lipschizian,wehave
un–Tun≤un–T(–ζ)I+ζTun+T(–ζ)I+ζTun–Tun
≤un–T(–ζ)I+ζTun+ζLun–Tun.
Itfollowsthat

un–Tun≤un–T(–ζ)I+ζTun.
–ζL
Hence,
lim un–Tun=.
n→∞
Bythedemi-closednessofI–T,weimmediatelydeducex˜∈Fix(T).� 
Thethirdpropertyisthequasi-nonexpansivityofthecompositequasi-pseudo-contractiveoperatorundersomemildassumptions.
Property.(Quasi-nonexpansivity)LetHbeaHilbertspace.LetT:H→HbeanL-Lipschitzquasi-pseudo-contractiveoperator.Thentheoperator(–ξ)I+ξT((–η)I+ηT)isquasi-nonexpansivewhen<ξ<η<√.Thatis,
+L+
(–ξ)x+ξT(–η)x+ηTx	–u†≤x–u†,
forallx∈Handu† ∈Fix(T).
ProofSinceu† ∈Fix(T),wehavefrom(.)

T(–η)I+ηTx–u†≤(–η)x–u†+ηTx–u†
+(–η)x+ηTx–T(–η)x+ηTx(.)
and

Tx–u†≤x–u†+Tx–x,(.)

forallx∈H.SinceTisL-Lipschitzianandx–((–η)x+ηTx)=η(x–Tx),wehave
Tx–T	(–η)x+ηTx≤ηLx–Tx.(.)
From(.)and(.),wehave
(–η)x–u†+ηTx–u†�	
=(–η)	x–u†+ηTx–u†–η(–η)x–Tx

≤(–η)x–u†+ηx–u†+Tx–x

–η(–η)x–Tx
=x–u†+ηTx–x.	(.)
From(.)and(.),weget
�	
(–η)x+ηTx–T(–η)x+ηTx
=(–η)x–T(–η)x+ηTx	+ηTx–T(–η)x+ηTx

=(–η)x–T(–η)x+ηTx+ηTx–T(–η)x+ηTx–η(–η)x–Tx≤(–η)x–T(–η)x+ηTx–η–η–ηLx–Tx.(.)
By(.),(.),and(.),weobtain

T(–η)I+ηTx–u†≤x–u†+ηx–Tx
x
+(–η)–T(–η)x+ηTx
–η–η–ηLx–Tx
xx
=–u†+(–η)–T(–η)I+ηTx
–η–η–ηLx–Tx.(.)
Sinceη<√+L+,wededuce
–η–ηL>.
From(.),wededuce
††T(–η)x+ηTx–u≤x–u+(–η)x–T(–η)x+ηTx(.)
forallx∈Handu† ∈Fix(T).
Combine(.)and(.)toget

†
(–ξ)x+ξT(–η)x+ηTx–u

=(–ξ)x–u†+ξT(–η)x+ηTx–u†
=(–ξ)x–u†+ξT(–η)x+ηTx–u†
–ξ(–ξ)T(–η)x+ηTx–x
≤ξx–u†+(–η)x–T(–η)x+ηTx
+(–ξ)x–u†–ξ(–ξ)T(–η)x+ηTx–x
=x–u†+ξ(ξ–η)T(–η)x+ηTx–x.
Thistogetherwithξ<ηimpliesthat
x
(–ξ)x+ξT(–η)x+ηTx–u†≤–u†.
Thiscompletestheproof.� 
Inthesequel,weintroduceouralgorithmandproveitsstrongconvergence.
Someassumptionsontheunderlyingspacesandinvolvedoperatorsarelistedbelow.
(R)HandHaretworealHilbertspaces.(R)A:H→HisaboundedlinearoperatorwithitsadjointA∗andB:H→Hisastrongpositivelinearboundedoperatorwithcoeﬃcientξ>ρ.(R)f:H→Hisaρ-contraction,S:H→HisanL-Lipschitzian
quasi-pseudo-contractiveoperatorwithL>andT:H→Hisan
L-Lipschitzianquasi-pseudo-contractiveoperatorwithL>.
Ourobjectistosolvethefollowingtwo-setsplitcommonﬁxedpointproblem:ﬁndx∗∈Fix(T)suchthatAx∗∈Fix(S).(.)Weusetodenotethesetofsolutionsof(.),thatis,
=x∗|x∗∈Fix(T),Ax∗∈Fix(S).
Inthesequel,weassume=∅.Now,wepresentouralgorithmforﬁndingx∗∈.
Algorithm.Initialization:Letx∈Hbearbitrary.Iterativestep:Forn≥let
⎧
⎪vn=xn+δA∗[(–ζn)I+ζnS((–ηn)I+ηnS)–I]Axn,
⎪
⎨
un=αnf(xn)+(I–αnB)vn,(.)
⎪
⎪
⎩
xn+=(–βn)un+βnT((–γn)un+γnTun),n∈N,
where{αn}n∈N,{βn}n∈N,{γn}n∈N,{ζn}n∈N,and{ηn}n∈Nareﬁverealnumbersequencesin(,)andδisaconstantin(,A).
Theorem.SupposeT–IandS–Iaredemiclosedat.Assumethatthefollowingconditionsaresatisﬁed:
(C)limn→∞αn=;
(C)∞n=αn=∞;
(C)<a<βn<c<γn<b<√+L+;
(C)<a<ζn<c<ηn<b<√+L+.Thenthesequence{xn}generatedbyalgorithm(.)convergesstronglytox∗=P(f+I–B)x∗.
ProofLetx∗=P(f+I–B)x∗.Thenwehavex∗∈Fix(T)andAx∗∈Fix(S).FromProperty.andProperty.,weget

(–ζn)I+ζnS(–ηn)I+ηnSAxn–Ax∗
=(–ζn)I+ζnS(–ηn)I+ηnSAxn
–(–ζn)I+ζnS(–ηn)I+ηnSAx∗

≤Axn–Ax∗.(.)From(.),wededuce
∗
T(–γn)un+γnTun–x
≤un–x∗+(–γn)un–T(–γn)un+γnTun.
Thistogetherwith(.)and(.)impliesthat
∗�	∗
xn+–x=(–βn)un+βnT(–γn)un+γnTun–x
T	
=(–βn)un–x∗+βn(–γn)un+γnTun–x∗
–βn(–βn)un–T(–γn)un+γnTun
≤un–x∗–βn(γn–βn)T(–γn)un+γnTun–x∗
≤un–x∗.	(.)
Notethat
un–x∗=αnf(xn)–Bx∗+(I–αnB)vn–x∗
≤αn	f(xn)–Bx∗+I–αnBvn–x∗
≤αnf(xn)–fx∗+αnfx∗–Bx∗+(–αnξ)vn–x∗
≤αnρxn–x∗+αnfx∗–Bx∗+(–αnξ)vn–x∗.(.)
By(.),wehave

vn–x∗=xn–x∗+δA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
=xn–x∗+δA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn

+δxn–x∗,A∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn.(.)
SinceAisalinearoperator,withadjointA∗,wehave

xn–x∗,A∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
=	Axn–x∗,(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
=(–ζn)I+ζnS(–ηn)I+ηnSAxn–Ax∗,(–ζn)I
+ζnS(–ηn)I+ηnS–IAxn
–(–ζn)I+ζnS(–ηn)I+ηnS–IAxn.	(.)
Againusing(.),weobtain

(–ζn)I+ζnS(–ηn)I+ηnSAxn–Ax∗,(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
=(–ζn)I+ζnS(–ηn)I+ηnSAxn–Ax∗

+(–ζn)I+ζnS(–ηn)I+ηnS–IAxn–Axn–Ax∗.(.)
From(.),(.),and(.),weget
∗
xn–x,A∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
=(–ζn)I+ζnS(–ηn)I+ηnSAxn–Ax∗
+(–ζn)I+ζnS(–ηn)I+ηnS–IAxn–Axn–Ax∗
–(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
≤Axn–Ax∗+(–ζn)I+ζnS(–ηn)I+ηnS–IAxn


–Axn–Ax∗–(–ζn)I+ζnS(–ηn)I+ηnS–IAxn

=–(–ζn)I+ζnS(–ηn)I+ηnS–IAxn.(.)

So,

vn–x∗=xn–x∗+δA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
≤δA(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
+xn–x∗–δ(–ζn)I+ζnS(–ηn)I+ηnS–IAxn)
=xn–x∗+δA–δ(–ζn)I
+ζnS(–ηn)I+ηnS–IAxn
≤xn–x∗.(.)
Itfollowsthat
xn–x∗+δA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn≤xn–x∗.(.)
Substituting(.)into(.),wededucethat
un–x∗≤αnρxn–x∗+αnfx∗–Bx∗+(–αnξ)xn–x∗
=αnfx∗–Bx∗+–(ξ–ρ)αnxn–x∗.(.)
From(.)and(.),weget
xn+–x∗≤un–x∗
≤αnfx∗–Bx∗+–(ξ–ρ)αnxn–x∗
f(x∗)–Bx∗
≤max xn–x∗,ξ–ρ.
Theboundednessofthesequence{xn}yieldstheresult.Next,wefocusouranalysisonthefactthattherealsequence{xn–x∗}iseithermonotonedecreasingatinﬁnity(Case)ornot(Case):Case.Thereexistsnsuchthatthesequence{xn–x∗}n≥nisdecreasing.
Case.Foranyn,thereexistsanintegerm≥nsuchthatxm–x∗≤xm+–x∗.
Moreprecisely,regardingthesituationwhen{xn–x∗}ismonotonousatinﬁnity(Case)andbounded(henceconvergent),weprovethatitsonlypossiblelimitiszero.InCase,weassumethereexistssomeintegern>suchthat{xn–x∗}isdecreasingforalln≥n.Inthiscase,weknowthatlimn→∞xn–x∗exists.Returningto(.),we
have
xn+–x∗≤un–x∗

≤αnρxn–x∗+αnfx∗–Bx∗+(–αnξ)vn–x∗
=αρxn–x∗+fx∗–Bx∗+αn(–αnξ)ρxn–x∗
n
+fx∗–Bx∗vn–x∗+(–αnξ)vn–x∗≤αnρxn–x∗+fx∗–Bx∗xn–x∗+fx∗–Bx∗
+(–αnξ)vn–x∗
≤(–αnξ)δA–δ(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
+Mαn+(–αnξ)xn–x∗
≤Mαn+xn–x∗,(.)
whereM>isaconstantsuchthat
sup ρxn–x∗+fx∗–Bx∗xn–x∗+fx∗–Bx∗≤M.
n
Hence,
(–αnξ)δ–δA(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
≤(–αnξ)xn–x∗–xn+–x∗+Mαn.
Sincelimn→∞xn–x∗existsandαn→,weobtain
lim (–ζn)I+ζnS(–ηn)I+ηnS–IAxn=.(.)
n→∞
Therefore,
lim Axn–S(–ηn)I+ηnSAxn=.
n→∞
Wehave
Axn–SAxn≤Axn–S(–ηn)I+ηnSAxn
+S(–ηn)I+ηnSAxn–SAxn
≤Axn–S(–ηn)I+ηnSAxn+LηnAxn–SAxn.
Itfollowsthat

Axn–SAxn≤Axn–S(–ηn)I+ηnSAxn.
–Lηn
Hence,
lim Axn–SAxn=.(.)
n→∞
Notethat
un–xn=δA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn

+αnBxn+δBA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn–f(xn)
≤δA(–ζn)I+ζnS(–ηn)I+ηnS–IAxn
+αnBxn+δBA∗(–ζn)I+ζnS(–ηn)I+ηnS–IAxn–f(xn).Thistogetherwith(.)impliesthatlim xn–un=.(.)
n→∞
From(.)and(.),wededuce
∗∗
xn+–x≤un–x–βn(γn–βn)un–T(–γn)un+γnTun
≤xn–x∗+αnM–βn(γn–βn)un–T(–γn)un+γnTun.Itfollowsthat
βn(γn–βn)un–T(–γn)un+γnTun≤xn–x∗–xn+–x∗+αnM.
Therefore,
lim un–T(–γn)un+γnTun=.(.)
n→∞
Observethat
un–Tun≤un–T(–γn)un+γnTun+T(–γn)un+γnTun–Tun
≤un–T(–γn)un+γnTun+Lγnun–Tun.
Thus,

un–Tun≤un–T(–γn)un+γnTun.
–LγnThistogetherwith(.)impliesthatlim un–Tun=.(.)
n→∞
Now,weshowthat
lim sup fx∗–Bx∗,un–x∗≤.
n→∞Chooseasubsequence{uni}of{un}suchthatlim sup fx∗–Bx∗,un–x∗=lim fx∗–Bx∗,uni–x∗.(.)n→∞i→∞
Sincethesequence{uni}isbounded,wecanchooseasubsequence{unij}of{uni}suchthatunijz.Forthesakeofconvenience,weassume(withoutlossofgenerality)thatuniz.Consequently,wederivefromtheaboveconclusionsthat
xnizandAxniAz.	(.)
Bythedemi-closednessofT–IandS–I,wededuceAz∈Fix(S)andz∈Fix(T).Thatistosay,z∈.Therefore,
lim sup fx∗–Bx∗,un–x∗=lim fx∗–Bx∗,uni–x∗�
n→∞i→∞

=lim fx∗–Bx∗,z–x∗
i→∞
≤.	(.)
Using(.),wehave
�	
un–x∗=(I–αnB)vn–x∗+αnf(xn)–Bx∗
≤(–αnξ)vn–x∗+αnf(xn)–Bx∗,un–x∗
≤(–αnξ)xn–x∗+αnf(xn)–Bx∗,un–x∗
=(–αnξ)xn–x∗+αnf(xn)–fx∗,un–x∗
+αnf�	x∗–Bx∗,un–x∗
=(–αnξ)xn–x∗+αnρxn–x∗un–x∗
+αnfx∗–Bx∗,un–x∗
≤(–αnξ)xn–x∗+αnρxn–x∗+αnρun–x∗
+αnfx∗–Bx∗,un–x∗.	(.)
Therefore,

xn+–x∗≤un–x∗
(ξ–ρ)αn∗αn∗∗
≤–	–αnρxn–x+–αnρfx–Bx∗,un–x.(.)
ApplyingLemma.and(.)to(.),wededucexn→x∗.InCaseabove,weknowthat,foranyintegern,thereexistsanotherintegerp≥n
suchthatxp–x∗≤xp+–x∗.Letnbesuchthatxn–x∗≤xn+–x∗.Setωn=
{xn–x∗}.Thenwehave
ωn≤ωn+.
Deﬁneanintegersequence{τn}foralln≥nasfollows:
τ(n)=max{l∈N|n≤l≤n,ωl≤ωl+}.
Itisclearthatτ(n)isanon-decreasingsequencesatisfying
lim τ(n)=∞

n→∞
and
ωτ(n)≤ωτ(n)+,
foralln≥n.
ByasimilarargumenttothatofCase,wecanobtain
lim SAxτ(n)–Axτ(n)=

n→∞
and
lim uτ(n)–Tuτ(n)=.

n→∞
Thisimpliesthat
ωw(uτ(n))⊂.
Thus,weobtain

lim sup fx∗–Bx∗,uτ(n)–x∗≤.(.)
n→∞
Sinceωτ(n)≤ωτ(n)+,wehavefrom(.)ωτ(n)≤ωτ(n)+
(ξ–ρ)ατ(n)ατ(n)
≤––ατ(n)ρωτ(n)+–ατ(n)ρfx∗–Bx∗,uτ(n)–x∗.(.)
Itfollowsthat
ωτ(n)≤ξ–ρfx∗–Bx∗,uτ(n)–x∗.(.)
Combining(.)and(.),wehavelim sup ωτ(n)≤,
n→∞
andhencelim ωτ(n)=.(.)
n→∞
From(.),wededuce
lim sup ωτ(n)+≤lim sup ωτ(n).
n→∞n→∞
Thistogetherwith(.)impliesthat
lim ωτ(n)+=.
n→∞
ApplyingLemma.toget
≤ωn≤max{ωτ(n),ωτ(n)+}.
Therefore,ωn→.Thatis,xn→x∗.Thiscompletestheproof.� 
FromAlgorithm.andTheorem.,wecandeduceeasilythefollowingalgorithmsandcorollaries.
Algorithm.Initialization:Letx∈Hbearbitrary.
Iterativestep:Forn≥let

⎧
⎪

⎪vn=xn+δA∗[(–ζn)I+ζnS((–ηn)I+ηnS)–I]Axn,
⎨
un=αnf(xn)+(–αn)vn,(.)
⎪
⎪
⎩
xn+=(–βn)un+βnT((–γn)un+γnTun),n∈N,
where{αn}n∈N,{βn}n∈N,{γn}n∈N,{ζn}n∈N,and{ηn}n∈Nareﬁverealnumbersequencesin(,)andδisaconstantin(,A).
Corollary.SupposeT–IandS–Iaredemiclosedat.Assumethatthefollowingconditionsaresatisﬁed:
(C)limn→∞αn=;
∞

(C)n=αn=∞;
(C)<a<βn<c<γn<b<√+L+;

(C)<a<ζn<c<ηn<b<√+L+.
Thenthesequence{xn}generatedbyalgorithm(.)convergesstronglytox∗=P(f)x∗.

Algorithm.Initialization:Letx∈Hbearbitrary.
Iterativestep:Forn≥let

⎧
⎨

vn=xn+δA∗[(–ζn)I+ζnS((–ηn)I+ηnS)–I]Axn,(.)
⎩xn+=(–βn)(–αn)vn+βnT((–γn)(–αn)vn+γnT(–αn)vn),n∈N,
where{αn}n∈N,{βn}n∈N,{γn}n∈N,{ζn}n∈N,and{ηn}n∈Nareﬁverealnumbersequencesin(,)andδisaconstantin(,A).
Corollary.SupposeT–IandS–Iaredemiclosedat.Assumethatthefollowingconditionsaresatisﬁed:
(C)limn→∞αn=;
(C)∞n=αn=∞;
(C)<a<βn<c<γn<b<√+L+;

(C)<a<ζn<c<ηn<b<√+L+.
Thenthesequence{xn}generatedbyalgorithm(.)convergesstronglytox∗=P()x∗,whichistheminimumnormelementin.
Remark.FromRemark.,weknowthatifSandTarequasi-nonexpansiveoperatorsordirectedoperatorsordemicontractiveoperators,theabovecorollariesarestillvalid.
Notethatthepseudo-contractiveoperatorsatisﬁesthefollowingdemi-closednessprinciple.
Lemma.([])LetHbearealHilbertspace,CaclosedconvexsubsetofH.LetU:C→Cbeacontinuouspseudo-contractiveoperator.Then
(i)Fix(U)isaclosedconvexsubsetofC,
(ii)(I–U)isdemiclosedatzero.

Corollary.SupposethatS:H→HisanL-Lipschitzianpseudo-contractiveoperatorwithL>andT:H→HisanL-Lipschitzianpseudo-contractiveoperatorwithL>.Assumethefollowingconditionsaresatisﬁed:
(C)limn→∞αn=;
∞
(C)n=αn=∞;
(C)<a<βn<c<γn<b<√+L+;
(C)<a<ζn<c<ηn<b<√+L+.
Thenthesequence{xn}generatedbyalgorithm(.)convergesstronglytox∗=P(f+I–
B)x∗.
Remark.Ouralgorithmsandresultsprovideauniﬁedframeworkforthestudyofthetwo-setsplitcommonﬁxedpointproblem.
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