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\begin{abstract}
We describe a decirculation process which marks perturbations of network structure and neural updating
that are necessary for evolutionary neural networks to proceed from one circulating state to another.
Two aspects of control parameters including the screen updating and the flow diagrams are developed to quantify such perturbations,
and hence to manage the dynamics of evolutionary neural networks.
A dynamic state-shifting algorithm is derived from the decirculation process.
This algorithm is used to build models of evolutionary content-addressable memory (ECAM) networks endowed with many dynamic relaxation processes.
By the training of ECAM networks based on the dynamic state-shifting algorithm,
we obtain the classification of training samples and the construction of recognition mappings,
both of which perform adaptive computations essential to content-addressable memory.
\end{abstract}
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\section{Introduction}\label{intro}
\IEEEPARstart{P}{attern} generation in complex, biological systems may be understood
by means of the concepts of nonlinear dynamics \cite{Schoner}.
For this, biological systems can often be modeled by nonlinear differential or difference equations \cite{Strogatz}--\cite{Han},
%\cite{Strogatz,StrogatzBook,Zhong,Han}
where a biological pattern is characterized by a vector $x(t)=(x_{1}(t),\ldots,x_{n}(t))$ of collective variables,
whose nature and dynamics are specific to biological functions.
As a biological system evolves, $x(t)$ flows through the state space,
guided by an equation
$$
\dot{x}_{t} = F(x_{t}, \mbox{control parameters}),~ t\in\Real
$$
or
$$
x(t+1) = H(x(t), \mbox{control parameters}), ~t=0,1,\ldots.
$$
In the course of time, the biological system generally reaches one of possible multiple stable states
(alternative stable states) \cite{May}--\cite{Beisner}.
%\cite{May,Scheffer,Beisner}
Such multiple stable states have multi-stability governed by control parameters \cite{Schoner,Haken,Scheffer2001}.
Hence the biological system may return to the same stable state following small perturbations of control parameters,
but may shift to a different stable state following large perturbations.

It is important to describe or quantify such perturbations of control parameters,
because state shifts between multiple stable states usually accompany catastrophic changes in biological systems \cite{Scheffer2001}.
A large body of empirical observations and theoretical models has shown that state shifts
(regime shifts, state transitions) occur in many biological systems.
For instance, it includes a theoretical model of state shifts in human hand movements \cite{Schoner,Haken},
which is applicable to an empirical observation which directly demonstrates that
state shifts can be elicited in the human brain by interference at the neural level \cite{Meyer};
also, it includes a fitting of a process-based nonlinear model to a sort of data sets
from unpredictable biological control of the invasive plant \textit{Salvinia molesta},
which asserts that state shifts are associated with annual flooding events \cite{Schooler};
and furthermore, it includes a numerical simulation of oscillatory neural networks,
in which state shifts between in-phase and anti-phase activity patterns can be induced by external transient signals \cite{Bem2005,Bem2008}.
All these empirical and theoretical results represent a description of perturbations of control parameters for state shifts,
which can be used to manage the dynamic repertoire of biological systems \cite{May,Bressler}.

Here we wish to consider an evolutionary neural network model,
in which the control parameters are assigned to the evolutionary coupling structure and the dynamic updating of neurons
that together promote changes in neural pattern generation.
We introduce a decirculation process in neural network dynamics.
The decirculation process reveals a quantified determinant of how ``large" of perturbations of control parameters
are sufficient for shifts from one circulating state (a limit cycle) to another stable state (a limit cycle or a fixed point).
The decirculation process implies a dynamic state-shifting algorithm which places a high priority on the measure of those control parameters
that aids in embedding many dynamic relaxation processes \cite{Mesulam}--\cite{ShihTsai}
%\cite{Mesulam,Duncan,ShihTsai}
in models of evolutionary content-addressable memory (ECAM) networks.
ECAM networks can perform adaptive computations (including the classification of training samples and the construction of recognition mappings)
that are essential to pattern recognition
or content-addressable memory \cite{Hopfield82}--\cite{Grossberg1}.
We note that the interest of applying the dynamic state-shifting algorithm to the construct of ECAM networks
is to provide a tool to compute equilibria when an energy function is intractable or impossible to find in neural network dynamics \cite{Ando}.
In other words, the energy minimization method employed in the classical models of content-addressable memory \cite{Hopfield82}--\cite{Grossberg1}
seems to be much more difficult to carry out in ECAM networks because network structure or neural updating alters continuously.
%\cite{Hopfield82,Hopfield95,Cohen,Grossberg1}.

In Section \ref{sec2} we introduce the evolutionary neural network model,
in which the control parameters induce the aspects of the screen updating and the flow diagrams.
Section \ref{sec3} shows that the screen updating and the flow diagrams
can be used to establish the decirculation process in neural network dynamics.
In Section \ref{sec4} we describe the dynamic state-shifting algorithm
for embedding many dynamic relaxation processes in ECAM networks.
Section \ref{sec5} shows that the classification of training samples can be formulated by
the training of ECAM networks, and the construction of recognition mappings
can perform higher rates of retrieving patterns in the pools of memory items.

\section{The control parameters, the screen updating, and the flow diagrams}\label{sec2}
Consider a nervous system as a dynamical system of a complex evolutionary network
comprising nodes that correspond to neurons,
connected by wirings that represent synapses or gap junctions.
Name the {\it neurons} $1,2,\ldots,n$
and denote by the ordered pair $(i,j)$ the {\it coupling} linking neuron $j$ to neuron $i$.
To each coupling $(i,j)$ there is associated the {\it coupling strength variable} $a_{ij}$,
with $a_{ij}=0$ denoting the nonexistence of the wiring from neuron $j$ to neuron $i$.
The dynamical system of the evolutionary network of $n$ coupled neurons is
modeled by the nonlinear equation:
\begin{equation}\label{dynamics}
x(t+1)=H(x(t),\mathcal{P}(t)), \quad t=0,1,\ldots,
\end{equation}
where $x(t)=(x_{1}(t),x_{2}(t),\ldots,x_{n}(t))\in\{0,1\}^{n}$ is a vector of \textit{neuronal active states} at time $t$,
$\mathcal{P}(t)=(A(t),s(t))$ is a vector of \textit{control parameters} with $A(t)=(a_{ij}(t))\in M_{n}(\Real)$ denoting
the \textit{evolutionary coupling matrix} of the network at time $t$ and
$s(t)\subset\{1,2,\ldots,n\}$ denoting the neurons that adjust their activity at time $t$,
and $H(\cdot,\mathcal{P}(t))$ is a function whose $i$th component is defined by
\begin{equation}\label{eq551}
[H(x,\mathcal{P}(t))]_{i}=\bbbone\left(\ds\sum_{j=1}^{n}a_{ij}(t)x_{j}-b_{i}\right)\quad\mbox{if}~i\in s(t),
\end{equation}
otherwise $[H(x,\mathcal{P}(t))]_{i}=x_{i}$,
where $b_{i}\in\Real$ is the threshold of neuron $i$ and
the function $\bbbone$ is the Heaviside function: $\bbbone(u)=1$ for $u\geq 0$, otherwise 0,
which describes an instantaneous unit pulse.

Two aspects emerge from the control parameters.
First, by the choice of $s(t)$ in the control parameters $\mathcal{P}(t)$ for $t=0,1,\ldots,$
we can carry out many different ways for the updating of the dynamics $(\ref{dynamics})$.
Specifically, let us recall that the phase flow $x(t)$ generated by $(\ref{dynamics})$
{\it iterates randomly} if $s(t)$ is selected arbitrarily from $\{1,2,\ldots,n\}$ for each $t=0,1,\ldots;$
the phase flow $x(t)$ generated by $(\ref{dynamics})$
{\it iterates synchronously} if $s(t)$ equals $\{1,2,\ldots,n\}$ for each $t=0,1,\ldots;$
and the phase flow $x(t)$ generated by $(\ref{dynamics})$
{\it iterates asynchronously} if $s(t)$ is a singleton for each $t=0,1,\ldots$ and
the union $\cup_{t\geq\tau}s(t)$ equals $\{1,2,\ldots,n\}$ for any $\tau\geq 0$.
In the following, we shall introduce the notion of the screen updating in neural network dynamics.
The screen updating provides a wider variety for the choice of $s(t)$ for $t=0,1,\ldots.$
For this, let $q$ be a nonnegative integer.
We say that the phase flow $x(t)$ iterates on the basis of
the \textit{$q$-screen updating} if the choice of $s(t)$ satisfies
\begin{equation}\label{qq01}
s(t)\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\}
\end{equation}
for each $t=q,q+1,\ldots.$
Here the inclusion $(\ref{qq01})$ means that the updating of neurons $s(t)$ is monitored by
a screen showing the neuronal active state $x(t-q)$ prior to $x(t)$ with a fixed time period $q$ for each $t=q,q+1,\ldots$
(see Fig. $\ref{qscreen}$(a)).

\begin{example}\label{ex1}
Let $A\in M_{12}(\Real)$.
For each $k=0,1,\ldots$ and $j=1,2,\ldots,8,$
suppose that, at time $t=8k+j-1$, the choice of the control parameters $\mathcal{P}(t)=(A,\{1,2,\ldots,n\})$ is to generate
$x(t)=x(8k+j-1)=x^{j}$ by $(\ref{dynamics})$,
where $x^{j}$ is given in Table \ref{tab111}.
Then, according to $(\ref{eq551})$, we can prove that
if the control parameters are selected to be $\mathcal{P}(t)=(A,s(t))$,
where $t=8k+j-1$ and $s(t)=s(8k+j-1)=s^{j}$ are given in Table \ref{tab111},
then the same $x(t)=x(8k+j-1)=x^{j}$ can be generated by $(\ref{dynamics})$.
This updating of neurons satisfies $s(t)\supset\{i;\,x_{i}(t-2)\neq x_{i}(t)\}$ for $t=2,3,\ldots.$
This shows a wider variety for the updating of the dynamics $(\ref{dynamics})$.

\begin{table}[!h]
\caption{The updating of neurons $s(t)=s(8k+j-1)=s^{j}$, for $t=8k+j-1$, $k=0,1,\ldots,$ and $j=1,2,\ldots,8,$ represents the $2$-screen updating}
\label{tab111}
\centering
\begin{tabular}{|c|c|c|c|}
\hline
&&\vspace{-0.25cm}\\
$j$&$x(t)$&$x^{j}$&$s^{j}$\\\hline
$1$&$x(8k)$ &$101000111100$&$\{1,2,3,4,5,6,7,9,10,11,12\}$\\\hline
$2$&$x(8k+1)$&$110000111001$&$\{1,2,3,4,5,6,7,8,9,10,11,12\}$\\\hline
$3$&$x(8k+2)$&$100011010110$&$\{2,3,4,5,6,7,8,9,10,11,12\}$\\\hline
$4$&$x(8k+3)$&$111110000001$&$\{1,3,4,5,6,7,8,9,11,12\}$\\\hline
$5$&$x(8k+4)$&$011101001010$&$\{1,2,3,4,5,6,7,8,9,10,11\}$\\\hline
$6$&$x(8k+5)$&$101000111100$&$\{1,2,3,4,5,6,7,8,9,10,11,12\}$\\\hline
$7$&$x(8k+6)$&$000111010110$&$\{2,3,5,6,7,8,9,10,11,12\}$\\\hline
$8$&$x(8k+7)$&$001100101001$&$\{1,4,8,10,12\}$\\
\hline
\end{tabular}
\end{table}
\end{example}

It is readily seen from the inclusions
$\{1,2,\ldots,n\}\supset\{i;$ $\,x_{i}(t-q)\neq x_{i}(t)\}
\supset\{i;\,x_{i}(t)\neq x_{i}(t)\}$ for any $q\in\Nature$
that the screen updating enhances the dynamic repertoire
in the sense that
setting $A(t)=A$ for each $t=0,1,\ldots$ implies that
\begin{itemize}
\item[1)] if all the phase flows $x(t)$ iterating on the basis of the $0$-screen updating
cannot flow through a path of states $x^{1},x^{2},\ldots,x^{p}$,
meaning that for each $T\geq 0$ there exists $\tau\in \{1,2,\ldots,p\}$ such that
$x(T+\tau-1)\neq x^{\tau},$
then all the phase flows iterating randomly, or iterating asynchronously,
or iterating on the basis of the $q$-screen updating for any given nonnegative integer $q$,
cannot flow through the same path of states $x^{1},x^{2},\ldots,x^{p}$;
\item[2)] for any given nonnegative integer $q$,
if all the phase flows $x(t)$ iterating on the basis of the $q$-screen updating
cannot flow through a path of states $x^{1},x^{2},\ldots,x^{p}$,
then all the phase flows iterating synchronously cannot flow through the same path of states $x^{1},x^{2},\ldots,x^{p}$.
\end{itemize}

\begin{figure}[!t]
(a)\vspace{0.2cm}\\
\includegraphics[height=1in,width=3.35in]{soft1.eps}\vspace{0.2cm}\\
(b)\vspace{-0.3cm}\\
\includegraphics[height=2.2in,width=2.35in]{setloop22.eps}\vspace{-0.2cm}
\caption{The control parameters induce the aspects of the screen updating and the flow diagrams.
(a) The screen is depicted by the squares varying in time.
Armed with the screen, the choice of the updating neurons $s(t)$ (circles) is determined by comparing $x(t-q)$ and $x(t)$
(for clarity $q=2$ is shown here).
(b) The flow diagram $G^{\Omega}_{2}(A)$, where $A$ and $\Omega$ are given in Example \ref{ex2}.
}\label{qscreen}
\end{figure}

Second, by the choice of each matrix $A$ in the space $M_{n}(\Real)$ of all possible evolutionary coupling matrices,
we can carry out many different ways for the construct of the flow diagrams of built-in the matrix $A$.
Indeed, associate to each $r\in\Integer$ and $p\in\Nature$,
the \textit{$r$-shift function} $\sigma_{r}$ on $\{1,2,\ldots, p\}$ such that
$$
\sigma_{r}(k)\equiv k+r\mod p
$$
for each $k=1,2,\ldots,p.$
Define
$$
\sigma_{r}^{l}(k)\equiv k+rl\mod p
$$
for each $k=1,2,\ldots,p.$
Let $p>1$ and let $\Omega$ be a sequence of assemblies $U_{1},U_{2},\ldots,U_{p}\subset\{1,2,\ldots,n\}$.
Associate to each $\alpha\in\Integer$, the \textit{flow diagram} $G^{\Omega}_{\alpha}(A)$
defined as follows (see Fig. $\ref{qscreen}$(b) for an illustration):
it starts with a ring lattice of the assemblies $U_{1},U_{2},\ldots, U_{p}$ and,
associated to each assembly $U_{k}$, there is a dashed arrow starting from its neighbor $U_{\sigma_{\alpha}(k)}$ and pointing to $U_{k}$
and there is a solid arrow starting from $U_{k}$ and pointing to its neighbor $U_{\sigma_{1}(k)}$.
All the dashed arrows and all the solid arrows in the flow diagram $G^{\Omega}_{\alpha}(A)$ are assigned to define
the \textit{flow-into strength}, denoted $\mathcal{F}^{into}(G^{\Omega}_{\alpha}(A))$,
and the \textit{flow-out strength}, denoted $\mathcal{F}^{out}(G^{\Omega}_{\alpha}(A))$, respectively.
Indeed, for each 01-string $x=x_{1}x_{2}\cdots x_{n}$, let
\begin{eqnarray*}
\1(x)&=&\{i;~x_{i}=1,~1\leq i\leq n\},\\[-1.5ex]\nonumber\\[-1.5ex]
\0(x)&=&\{i;~x_{i}=0,~1\leq i\leq n\}.
\end{eqnarray*}
Denote by $\langle\cdot,\cdot\rangle$ the usual scalar product in $\Real^{n}$.
The flow-into strength and the flow-out strength in the flow diagram $G^{\Omega}_{\alpha}(A)$ are defined by
$$
\mathcal{F}^{into}(G^{\Omega}_{\alpha}(A))=\sum_{k=1}^{p}\ell_{A}(U_{\sigma_{\alpha}(k)},U_{k}),
$$
$$
\mathcal{F}^{out}(G^{\Omega}_{\alpha}(A))=\sum_{k=1}^{p}\ell_{A}(U_{k},U_{\sigma_{1}(k)}),
$$
where for each $k=1,2,\ldots,p$,
let $\ell_{A}(U_{\sigma_{\alpha}(k)},U_{k})=\langle Au_{\sigma_{\alpha}(k)}, u_{k}\rangle$
and let $\ell_{A}(U_{k},U_{\sigma_{1}(k)})=\langle Au_{k}, u_{\sigma_{1}(k)}\rangle,$
with $u_{k}$, $u_{\sigma_{\alpha}(k)}$, and $u_{\sigma_{1}(k)}\in\{0,1\}^{n}$ satisfying
$\1(u_{k})=U_{k}$, $\1(u_{\sigma_{\alpha}(k)})=U_{\sigma_{\alpha}(k)}$,
and $\1(u_{\sigma_{1}(k)})=U_{\sigma_{1}(k)}$, respectively.

\begin{example}\label{ex2}
Let $A$ be the identity matrix in $M_{12}(\Real)$ and let $\Omega$ be the sequence of assemblies
$U_{1}=\{1,3,7,8,9,10\}$, $U_{2}=\{1,2,7,8,9,12\}$, $U_{3}=\{1,5,6,8,10,11\}$,
$U_{4}=\{1,2,$ $3,4,5,12\}$, $U_{5}=\{2,3,4,6,9,11\}$, $U_{6}=\{1,3,7,8,9,10\}$,
$U_{7}=\{4,5,6,8,10,11\}$, and $U_{8}=\{3,4,7,9,12\}$.
The flow diagram $G^{\Omega}_{2}(A)$ is depicted in Fig. $\ref{qscreen}$(b).
All the dashed arrows indicate the flow-into strength defined by
$\mathcal{F}^{into}(G^{\Omega}_{2}(A))=\sum_{k=1}^{8}\ell_{A}(U_{\sigma_{2}(k)},U_{k})=21$,
whereas all the solid arrows indicate the flow-out strength defined by
$\mathcal{F}^{out}(G^{\Omega}_{2}(A))=\sum_{k=1}^{8}\ell_{A}(U_{k},U_{\sigma_{1}(k)})=19$.
\end{example}

The screen updating and the flow diagrams emerge as two aspects of the control parameters,
which will together play a central role in identifying the decirculation process in neural network dynamics.

\section{The decirculation process}\label{sec3}
We consider the \textit{decirculation process} in neural network dynamics:
the occurrence of a circulating path of neuronal active states leads to changes in the control parameters,
which feeds back to reinforce neurons to tend to break the circulation of neuronal active states in this circulating path.

It can be formulated as three phases separately.

\textit{Phase 1 (occurrence of a circulating path of states):}
Let $\tilde{q}$ be a nonnegative integer and $\tilde{A}\in M_{n}(\Real)$.
Suppose that the control parameters $\mathcal{P}(t)=(A(t),s(t))$ in $(\ref{dynamics})$
are selected by
\begin{equation}\label{eq51}
A(t)=\tilde{A} ~\mbox{ and }~s(t)\supset\{i;\,x_{i}(t-\tilde{q})\neq x_{i}(t)\}
\end{equation}
for a period of time $t=\tilde{T},\tilde{T}+1,\ldots,\tilde{T}+\tilde{\tau}$ with $\tilde{T}\geq \tilde{q}$, $\tilde{\tau}\gg p$, and $\tilde{\tau}\gg \tilde{q}$.
Suppose that the phase flow $x(t)$ generated by $(\ref{eq51})$
flows towards a \textit{circulating path of states} $x^{1},x^{2},\ldots,x^{p},x^{1}$,
where $p>1$ and $x^{i}\neq x^{j}$ for some $i,j\in\{1,2,\ldots,p\}$,
and circulates around it for a long period of time until $t=\tilde{T}+\tilde{\tau}$,
meaning that there exists an integer $k$ with $0\leq k\ll\tilde{\tau}$ such that
$x(\tilde{T}+k)=x^{1},x(\tilde{T}+k+1)=x^{\sigma_{1}(1)},\ldots,x(\tilde{T}+k+(\tilde{\tau}-k+1))=x^{\sigma_{\tilde{\tau}-k+1}(1)}.$
With this general notion of the circulating path of states, we can restate the condition that the phase flow $x(t)$ settles onto a limit cycle,
in terms of the condition that the phase flow $x(t)$ flows towards a circulating path of states and eventually circulates around it forever (with $\tilde{\tau}=\infty$).

\textit{Phase 2 (determination of changes in the control parameters):}
Let $\Omega$ be the sequence of assemblies
$\1(x^{1}),\1(x^{2}),\ldots,$ $\1(x^{p})$ induced by Phase 1.
Denote by $\Theta(\Omega)$ the collection of $(A,\alpha)\in M_{n}(\Real)\times\{0,1,\ldots,p-2\}$ such that
$x^{\sigma_{\alpha}^{-1}(l)}\neq x^{\sigma_{1}(l)}$ for some $l\in\{1,2,\ldots,p\}$
and that the flow-into strength $\mathcal{F}^{into}(G^{\Omega}_{\alpha}(A))$ in the flow diagram $G^{\Omega}_{\alpha}(A)$
is greater than or equal to the flow-out strength $\mathcal{F}^{out}(G^{\Omega}_{\alpha}(A))$.
Denote by $\bar{T}=\tilde{T}+\tilde{\tau}$ and $A(\bar{T})=\tilde{A}$.
Let $T>\bar{T}$ and let
$$
\mathcal{D}(t)\in M_{n}(\Real),~ t=\bar{T},\bar{T}+1,\ldots,T-1
$$
be a choice of regulatory coupling matrices such that
$$
A(t+1)=A(t)+\mathcal{D}(t),~t=\bar{T},\bar{T}+1,\ldots,T-1.
$$
Furthermore, suppose that there exists $\alpha_{T}\in\{0,1,\ldots,p-2\}$ such that $(A(T),\alpha_{T})\in\Theta(\Omega)$.

\textit{Phase 3 (breaking of the circulation):}
After choosing $\mathcal{D}(t),t=\bar{T},\bar{T}+1,\ldots,T-1,$ for a perturbation of the control parameters,
we consider $\mathcal{P}(t)=(A(t),s(t)),t=T,T+1,\ldots,$ $T+\tau,$ selected by
\begin{equation}\label{eq52}
A(t)=A(T) ~\mbox{ and }~s(t)\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\},
\end{equation}
where $q\geq 0$, $q\equiv\alpha_{T}\mod p$, $T\geq q$, $\tau\gg p$, and $\tau\gg q$.

To demonstrate that state shifts occur in Phase 3 of the decirculation process, we shall establish the following:

\begin{theorem}\label{th1}
Let $(A(T),\alpha_{T})\in\Theta(\Omega)$ and let $\tau,p,q$, and $x^{1},x^{2},\ldots,x^{p}$ be as in the above definition.
Then the phase flow $x(t)$ generated by $(\ref{eq52})$ can stop from circulating around the circulating path of states
$x^{1},x^{2},\ldots,x^{p},x^{1}$ for a long period of time,
that is, for each integer $k$ with $0\leq k\leq \tau-p-q+1$, there exists a nonnegative integer $r$ with $r\leq p+q$
such that $x(T+k+r)\neq x^{\sigma_{r}(1)}.$
\end{theorem}

The proof of Theorem \ref{th1} can be found in the Appendix.

Phases 1--3 reveal that the choice of $\mathcal{D}(t)$, $t=\bar{T},\bar{T}+1,\ldots,T-1,$
quantifies a perturbation of the control parameters $(A(T),\alpha_{T})\in\Theta(\Omega)$
for decirculation to occur in neural network dynamics.

\begin{example}
Let $\Gamma$ be a subset of $M_{12}(\Real)$, with each of whose elements $\mathcal{A}^{k}=(a_{ij}^{k})$, $k\in\Real$, satisfying
\begin{equation}\label{eq45}
a_{ij}^{k}=(i^{3}-j^{3})\sin(k)+(j^{2}-i^{2})\cos(k)+(i-j)k
\end{equation}
for each $i,j=1,2,\ldots,12.$
Let $\alpha\in\{0,1,\ldots,6\}$ and
let $\Omega$ be the sequence of assemblies $U_{1},U_{2},\ldots,U_{8}$ given in Example \ref{ex2}.
The difference $\mathcal{F}^{into}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))-\mathcal{F}^{out}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))$
can be viewed as the parametric equation varying in $k$ (see Table \ref{tab1}).
Let $\alpha_{\bar{T}}=\tilde{q}=3$ and $\tilde{A}=\mathcal{A}^{5}$.
Suppose that in Phase 1 of the decirculation process, the phase flow $x(t)$ generated by $(\ref{eq51})$
flows towards the circulating path of states $x^{1},x^{2},\ldots,x^{8},x^{1}$,
where $\1(x^{i})=U_{i}$ for each $i=1,2,\ldots,8$.
Then, by the choice of $\mathcal{D}(t)$, $t=\bar{T},\bar{T}+1,\ldots,T-1$, in Phase 2 such that
$(A,\alpha)$ changes from $(A(\bar{T}),\alpha_{\bar{T}})=(\mathcal{A}^{5},3)$ to $(A(T),\alpha_{T})=(\mathcal{A}^{-5},3)$ (the dotted line in Fig. \ref{fig4})
or changes from $(A(\bar{T}),\alpha_{\bar{T}})=(\mathcal{A}^{5},3)$ to $(A(T),\alpha_{T})=(\mathcal{A}^{5},4)$ (the dashed line in Fig. \ref{fig4}),
we obtain
$\mathcal{F}^{into}(G^{\Omega}_{3}(\mathcal{A}^{-5}))-\mathcal{F}^{out}(G^{\Omega}_{3}(\mathcal{A}^{-5}))\geq 0$
or
$\mathcal{F}^{into}(G^{\Omega}_{4}(\mathcal{A}^{5}))-\mathcal{F}^{out}(G^{\Omega}_{4}(\mathcal{A}^{5}))\geq 0.$
Hence $(A(T),\alpha_{T})\in\Theta(\Omega)$.
The change of $(A,\alpha)$ from $(\mathcal{A}^{5},3)$ to $(\mathcal{A}^{-5},3)$ denotes
the perturbation of the network structure from $\mathcal{A}^{5}$ to $\mathcal{A}^{-5}$,
whereas the change of $(A,\alpha)$ from $(\mathcal{A}^{5},3)$ to $(\mathcal{A}^{5},4)$ denotes
the perturbation of the $q$-screen updating from $q\equiv 3\mod 8$ to $q\equiv 4\mod 8$.
By Theorem \ref{th1}, we obtain that the phase flow $x(t)$
generated by Phase 3 with any of the above two cases of perturbations can stop from circulating
around the circulating path of states $x^{1},x^{2},\ldots,x^{8},x^{1}$.
\end{example}

\begin{table}[!t]
\caption{The difference $\mathcal{F}^{into}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))-\mathcal{F}^{out}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))$
can be viewed as the parametric equation varying in $k$}
\label{tab1}
\centering
\begin{tabular}{|c|c|c|}
\hline
&&\vspace{-0.25cm}\\
$\alpha$&$\mathcal{F}^{into}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))-\mathcal{F}^{out}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))$&$q$-screen updating\\
\hline
&&\vspace{-0.25cm}\\
$0$&$-636\sin(k)+58\cos(k)-6k$&$q\equiv 0\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$1$&$-1272\sin(k)+116\cos(k)-12k$&$q\equiv 1\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$2$&$73\sin(k)+19\cos(k)-5k$&$q\equiv 2\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$3$&$174\sin(k)-22\cos(k)$&$q\equiv 3\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$4$&$-636\sin(k)+58\cos(k)-6k$&$q\equiv 4\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$5$&$-1446\sin(k)+138\cos(k)-12k$&$q\equiv 5\mod 8$\\
\hline
&&\vspace{-0.25cm}\\
$6$&$-1345\sin(k)+97\cos(k)-7k$&$q\equiv 6\mod 8$\\
\hline
\end{tabular}
\end{table}

\begin{figure}[!t]
\center
\includegraphics[height=2.1in,width=3.4in]{qscreen01.eps}
\caption{Let $\mathcal{A}^{k}$, $k\in\Real$ be defined by $(\ref{eq45})$
and let $\Omega$ be the sequence of assemblies $U_{1},U_{2},\ldots,U_{8}$ given in Example \ref{ex2}.
For each $\alpha=0,1,\ldots,6$,
the difference $\mathcal{F}^{into}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))-\mathcal{F}^{out}(G^{\Omega}_{\alpha}(\mathcal{A}^{k}))$
is plotted as the function of the parameter $k$.
By the choice of $(A,\alpha)=(\mathcal{A}^{-5},3)$, we obtain
$\mathcal{F}^{into}(G^{\Omega}_{3}(\mathcal{A}^{-5}))-\mathcal{F}^{out}(G^{\Omega}_{3}(\mathcal{A}^{-5}))=174\sin(-5)-22\cos(-5)\thickapprox 160.6123\geq 0$,
and by the choice of $(A,\alpha)=(\mathcal{A}^{5},4)$, we obtain
$\mathcal{F}^{into}(G^{\Omega}_{4}(\mathcal{A}^{5}))-\mathcal{F}^{out}(G^{\Omega}_{4}(\mathcal{A}^{5}))=-636\sin(5)+58\cos(5)-6\times 5\thickapprox 596.3282\geq 0$.
All choices of $(A,\alpha)\in\Theta(\Omega)$ imply a variety of perturbations of the control parameters
for decirculation to occur in neural network dynamics.
}\label{fig4}
\end{figure}

\section{The dynamic state-shifting algorithm}\label{sec4}
The decirculation process implies a dynamic state-shifting algorithm for embedding many dynamic relaxation processes in ECAM networks.
The \textit{ECAM networks} are defined to be the evolutionary neural networks, in which
the dynamics of action potential timing of neurons is typically used to encode the flow of information
and, furthermore, the coupling structure between neurons is selectively changed according to the dynamic state-shifting algorithm
which induces a symmetric regulatory coupling matrix responding to every circulating path of states of neuronal activity.

The \textit{dynamic state-shifting algorithm} comprises two main components:

1) Initial component: Let $\varepsilon>0$ and let $q$ be a nonnegative integer.
Consider the dynamical system of the evolutionary network of $n$ coupled neurons modeled by $(\ref{dynamics})$.
Let $b_{i}\in\Real$ be the threshold of neuron $i$ for $i=1,2,\ldots,n$.
At time $t=0$, let $x(0)\in\{0,1\}^{n}$ be an arbitrary vector of neuronal activity states,
$s(0)\subset\{1,2,\ldots,n\}$ be an arbitrary set of updating neurons,
and $A(0)\in M_{n}(\Real)$ be an arbitrary evolutionary coupling matrix.
Let $\zeta(0)=0$.

2) Iterative component: On each subsequent time step $t$, let
\begin{equation}\label{eq53}
x(t+1)=H(x(t),\mathcal{P}(t)),
\end{equation}
where $\mathcal{P}(t)=(A(t),s(t))$ is a vector of control parameters,
and choose $s(t+1)\subset\{1,2,\ldots,n\}$ if $t<q$; otherwise
$$
s(t+1)\supset\{i;\,x_{i}(t+1-q)\neq x_{i}(t+1)\}.
$$
For this given $x(t+1)$ in $(\ref{eq53})$, let
$$
\eta(t)=\max\{k;~x(t+1)= x(k),k=0,1,\ldots,t\}
$$
if there exists $k\in\{0,1,\ldots,t\}$ such that $x(t+1)=x(k)$; otherwise $-1$.
Here $\eta(t)$ is a time index pointing to a starting point of a circulating path of states $x(\eta(t)),x(\eta(t)+1),\ldots,x(t+1)$ when $\eta(t)\neq -1$.
If $\eta(t)\geq \zeta(t)$, then put $\zeta(t+1)=t+1$;
otherwise $\zeta(t+1)=\zeta(t)$.
Put
\begin{equation}\label{eq55}
A(t+1)=A(t)+\mathcal{D}(t),
\end{equation}
where $\mathcal{D}(t)=(d_{ij}(t))\in M_{n}(\Real)$ is selected to be the null matrix if
$\eta(t)=t$ or $\eta(t)<\zeta(t)$;
otherwise $\mathcal{D}(t)$ is selected to be a \textit{symmetric regulatory coupling matrix}
\begin{equation}\label{eq56}
\mathcal{D}(t)=\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}R(\kappa),
\end{equation}
where $R(\kappa)=(r_{ij}(\kappa))\in M_{n}(\Real)$ is an arbitrary symmetric matrix such that
\begin{equation}\label{eq61}
r_{ij}(\kappa)=0 ~\mbox{ if } i \mbox{ or } j\not\in \1(x(\kappa))\vartriangle \1(x(\kappa+1));
\end{equation}
otherwise $r_{ij}(\kappa)$, $i,j\in\1(x(\kappa))\vartriangle \1(x(\kappa+1))$ satisfy
\begin{equation}\label{eq62}
\sum_{i\in I}r_{ii}(\kappa)
\geq \sum_{i,j\in I, i\neq j}|r_{ij}(\kappa)|+\varepsilon\cdot\delta_{I}
\end{equation}
for each nonempty subset $I\subset \1(x(\kappa))\vartriangle \1(x(\kappa+1))$,
where $\delta_{I}=0$ if $I\neq\1(x(\kappa))\vartriangle \1(x(\kappa+1))$, otherwise 1,
and $\1(x(\kappa))\vartriangle \1(x(\kappa+1))$ signifies the \textit{symmetric difference} of two sets
$\1(x(\kappa))$ and $\1(x(\kappa+1))$, with each of whose elements belonging to $\1(x(\kappa))$ but not to $\1(x(\kappa+1))$,
or belonging to $\1(x(\kappa+1))$ but not to $\1(x(\kappa))$.

The central idea in the dynamic state-shifting algorithm is to construct
the symmetric regulatory coupling matrices
responding to the circulating paths of states that the phase flow $x(t)$ can flow through.
By the choice of $\mathcal{D}(t)$, $t=0,1,\ldots,$ in $(\ref{eq55})$,
the evolutionary coupling matrix $A(t)$ meets a condition in which
$(A(t),0)$ converges to a point $(\mathcal{A},0)$ in $\bigcap_{\Omega}\Theta(\Omega)$ as $t$ is large enough,
where $\Omega$ is taken over the sequences of assemblies responding to the circulating paths of states.
The convergence of such $(A(t),0)$ to $(\mathcal{A},0)$ reveals a \textit{dynamic relaxation process} \cite{ShihTsai},
in which the phase flow $x(t)$ settles onto an equilibrium state undergoing changes of coupling structure of evolutionary neural networks adaptively.

To demonstrate this, let $x(t)$ be the phase flow generated by
$(\ref{dynamics})$ and the dynamic state-shifting algorithm.
Denote by
$$
\chi=\{t;~\eta(t)\neq t \mbox{ and } \eta(t)\geq\zeta(t), t=0,1,\ldots\}.
$$
For each $t\in\chi$ we note that $\eta(t)\neq -1$ and
the circulating path of states $x(\eta(t)),x(\eta(t)+1),\ldots,x(t+1)$ is \textit{simple},
meaning that $x(t')\neq x(t'')$ for any pair of distinct $t',t''\in\{\eta(t),\eta(t)+1,\ldots,t\}$.
Furthermore, for each $\nu=0,1,\ldots,t-\eta(t)-1$,
since $\eta(\eta(t)+\nu)<\zeta(\eta(t)+\nu)$,
we have
\begin{eqnarray*}
A(\eta(t)+\nu+1)&=&A(\eta(t)+\nu)+\mathcal{D}(\eta(t)+\nu)\\
&=&A(\eta(t)+\nu),
\end{eqnarray*}
and hence
\begin{equation}\label{eq54}
A(\eta(t))=A(\eta(t)+1)=\cdots=A(t).
\end{equation}
We claim that $\chi$ is finite.
Suppose, by contradiction, that $\chi$ is infinite.
Then there exist $t_{1},t_{2},\ldots\in\chi$ with $t_{1}<t_{2}<\cdots$ such that
the following simple circulating paths of states are identical:
\begin{equation}\label{eq57}
x(\eta(t)),x(\eta(t)+1),\ldots,x(t+1),~~t=t_{1},t_{2},\ldots.
\end{equation}
Let $\mu\in\{1,2,\ldots\}$ and $\nu\in\{0,1,\ldots,t_{\mu}-\eta(t_{\mu})\}$ be given.
Let $\kappa_{1}=\eta(t_{\mu})+\nu$ and $\kappa_{2}=\eta(t_{\mu+1})+\nu$.
Since the simple circulating paths of states in $(\ref{eq57})$ are identical,
we write
$$
\mathcal{I}=\1(x(\kappa_{1})\vartriangle \1(x(\kappa_{1}+1))=\1(x(\kappa_{2})\vartriangle \1(x(\kappa_{2}+1)),
$$
and hence, by $(\ref{eq54})$, we have
\begin{equation}\label{eq58}
\sum_{i\in \mathcal{I}}a_{ii}(\kappa_{1})=\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu}),
~\sum_{i\in \mathcal{I}}a_{ii}(\kappa_{2})=\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu+1}),
\end{equation}
and
\begin{eqnarray}\label{eq59}
\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\kappa_{1})|&=&\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu})|,\nonumber\\[-1.5ex]\\[-1.5ex]
\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\kappa_{2})|&=&\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu+1})|.\nonumber
\end{eqnarray}
It follows from $(\ref{eq55})$ and $(\ref{eq56})$ that
$$
A(t_{\mu+1})=A(t_{\mu})+\sum_{t\in[t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}R(\kappa),
$$
and hence, by $(\ref{eq61})$ and $(\ref{eq62})$, we have
\begin{eqnarray}\label{eq63}
&&\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu+1})-\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu})\nonumber\\
&=&\sum_{i\in \mathcal{I}}\sum_{t\in[t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}r_{ii}(\kappa)\nonumber\\
&=&\sum_{i\in \mathcal{I}}r_{ii}(\kappa_{1})+\sum_{i\in \mathcal{I}}\sum_{\kappa=\eta(t_{\mu}),\eta(t_{\mu})+1,\ldots,t_{\mu},\kappa\neq\kappa_{1}}r_{ii}(\kappa)\nonumber\\
&&+\sum_{i\in \mathcal{I}}\sum_{t\in(t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}r_{ii}(\kappa)\\
&\geq&\sum_{i,j\in \mathcal{I}, i\neq j}|r_{ij}(\kappa_{1})|+\varepsilon\nonumber\\
&&+\sum_{i,j\in \mathcal{I}, i\neq j}\sum_{\kappa=\eta(t_{\mu}),\eta(t_{\mu})+1,\ldots,t_{\mu},\kappa\neq\kappa_{1}}|r_{ij}(\kappa)|\nonumber\\
&&+\sum_{i,j\in \mathcal{I}, i\neq j}\sum_{t\in(t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}|r_{ij}(\kappa)|\nonumber
\end{eqnarray}
and
\begin{eqnarray}\label{eq64}
\hspace{-0.25cm}&&\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu+1})|-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu})|\nonumber\\
\hspace{-0.25cm}&=&\sum_{i,j\in \mathcal{I}, i\neq j}\left|a_{ij}(t_{\mu})+\sum_{t\in[t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}r_{ij}(\kappa)\right|\nonumber\\
\hspace{-0.25cm}&&-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu})|\\
\hspace{-0.25cm}&\leq&\sum_{i,j\in \mathcal{I}, i\neq j}\sum_{t\in[t_{\mu},t_{\mu+1})\cap\chi}\sum_{\kappa=\eta(t),\eta(t)+1,\ldots,t}|r_{ij}(\kappa)|.\nonumber
\end{eqnarray}
Combining $(\ref{eq58})$, $(\ref{eq59})$, $(\ref{eq63})$, and $(\ref{eq64})$
shows that
\begin{eqnarray*}
&&\sum_{i\in \mathcal{I}}a_{ii}(\kappa_{2})-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\kappa_{2})|\\
&=&\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu+1})-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu+1})|\\
&\geq&\sum_{i\in \mathcal{I}}a_{ii}(t_{\mu})-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(t_{\mu})|+\varepsilon\\
&=&\sum_{i\in \mathcal{I}}a_{ii}(\kappa_{1})-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\kappa_{1})|+\varepsilon.\\
\end{eqnarray*}
Thus for each $\mu,l\in\{1,2,\ldots\}$ and $\nu\in\{0,1,\ldots,t_{\mu}-\eta(t_{\mu})\}$,
we have
\begin{eqnarray*}
&&\sum_{i\in \mathcal{I}}a_{ii}(\eta(t_{\mu+l})+\nu)-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\eta(t_{\mu+l})+\nu)|\\
&\geq&\sum_{i\in \mathcal{I}}a_{ii}(\eta(t_{\mu})+\nu)-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\eta(t_{\mu})+\nu)|+l\cdot\varepsilon.\\
\end{eqnarray*}
Denote by
\begin{eqnarray*}
\theta_{\mu,\nu}&=&\ell_{A(0)}(\1(x(\eta(t_{\mu})+\nu)),\1(x(\eta(t_{\mu})+\nu+1)))\\
&&-\ell_{A(0)}(\1(x(\eta(t_{\mu})+\nu+1)),\1(x(\eta(t_{\mu})+\nu))).
\end{eqnarray*}
Since the number of elements in each simple circulating path of states in $(\ref{eq57})$ is finite, we conclude that
there exists $\tilde{\mu}\in\{1,2,\ldots\}$ such that
\begin{equation}\label{eq65}
\sum_{i\in \mathcal{I}}a_{ii}(\eta(t_{\mu})+\nu)-\sum_{i,j\in \mathcal{I}, i\neq j}|a_{ij}(\eta(t_{\mu})+\nu)|
\geq\theta_{\mu,\nu}.
\end{equation}
for each $\mu\in\{1,2,\ldots\}$ with $\mu\geq\tilde{\mu}$ and for each $\nu\in\{0,1,$ $\ldots,t_{\tilde{\mu}}-\eta(t_{\tilde{\mu}})\}$.

Consider $\Omega$ as the sequence of assemblies $U_{1},U_{2},\ldots,U_{p}$,
where $U_{1}=\1(x(\eta(t_{\tilde{\mu}}))),U_{2}=\1(x(\eta(t_{\tilde{\mu}})+1)),\ldots,U_{p}=\1(x(t_{\tilde{\mu}}))$.
Divide $\Omega$ into $\Omega_{1}=\{U_{1},U_{2}\},\Omega_{2}=\{U_{2},U_{3}\},$ $\ldots,\Omega_{p}=\{U_{p},U_{1}\}$
and, by $(\ref{eq54})$, write $A=A(\eta(t_{\tilde{\mu}}))=A(\eta(t_{\tilde{\mu}})+1)=\cdots=A(t_{\tilde{\mu}})$.
A combinatorial process for the construct of flow diagrams is built as follows:

\begin{figure}[!t]
\center
\includegraphics[height=4.6in,width=3.2in]{diag1.eps}\vspace{-0.1cm}
\caption{A combinatorial process for the construct of flow diagrams is related to the building of the dynamic state-shifting algorithm.
(a) The flow diagrams $G^{\Omega_{k}}_{1}(A)$, $k=1,2,\ldots,p,$ are ranged from top to bottom.
For each $G^{\Omega_{k}}_{1}(A)$, the flow-into strength $\mathcal{F}^{into}(G^{\Omega_{k}}_{1}(A))$ (dashed arrows)
is equal to the flow-out strength $\mathcal{F}^{out}(G^{\Omega_{k}}_{1}(A))$ (solid arrows).
(b) For each $k=1,2,\ldots,p$, since $A-A(0)$ is symmetric,
the flow diagram $G^{\Omega_{k}}_{1}(A)$ in (a) induces the diagram in (b),
in which the strength of the dashed arrow from $U_{\sigma_{1}(k)}$ to $U_{k}$ is defined to be $\ell_{A}(U_{\sigma_{1}(k)},U_{k})$,
and the strength of the solid arrow from $U_{k}$ to $U_{\sigma_{1}(k)}$ is defined to be $\ell_{A}(U_{k},U_{\sigma_{1}(k)})$,
and the difference between $\ell_{A}(U_{\sigma_{1}(k)},U_{k})$
and $\ell_{A}(U_{k},U_{\sigma_{1}(k)})$ is equal to $-\theta_{\tilde{\mu},k-1}$.
(c) The flow diagrams $G^{\Omega_{k}}_{0}(A)$, $k=1,2,\ldots,p,$ are ranged from top to bottom.
For each $G^{\Omega_{k}}_{0}(A)$, it follows from $(\ref{eq65})$ that
the difference between the flow-into strength $\mathcal{F}^{into}(G^{\Omega_{k}}_{0}(A))$ and
the flow-out strength $\mathcal{F}^{out}(G^{\Omega_{k}}_{0}(A))$ is greater than or equal to $\theta_{\tilde{\mu},k-1}$.
(d) For each $k=1,2,\ldots,p,$ since the arrow linking $U_{\sigma_{1}(k)}$ to $U_{k}$ in (b) is dashed and
since the arrow linking $U_{\sigma_{1}(k)}$ to $U_{k}$ in (c) is solid,
the two arrows can be eliminated from the combination of the corresponding diagrams in (b) and (c),
resulting in the diagrams ranged from top to bottom in (d).
(e) A linking rule $\mathcal{F}(\Omega_{k})+\mathcal{F}(\Omega_{\sigma_{1}(k)})$
can be formulated by linking the nodes $U_{\sigma_{1}(k)}$ in each pair of sequential diagrams in (d).
(f) Applying the linking rule to every pair of sequential diagrams in (d),
we obtain a diagram which includes a duplicate of the flow diagram $G^{\Omega}_{0}(A)$.
(g) The flow-into strength $\mathcal{F}^{into}(G^{\Omega}_{0}(A))$
is greater than or equal to the flow-out strength $\mathcal{F}^{out}(G^{\Omega}_{0}(A))$
in the flow diagram $G^{\Omega}_{0}(A)$.
}\label{figD}
\end{figure}

\begin{itemize}
\item[1)] For each $k=1,2,\ldots,p,$ consider the flow diagram $G^{\Omega_{k}}_{1}(A)$ (see Fig. \ref{figD}(a)).
It is readily seen that
\begin{equation}\label{eq66}
\mathcal{F}^{into}(G^{\Omega_{k}}_{1}(A))-\mathcal{F}^{out}(G^{\Omega_{k}}_{1}(A))=0.
\end{equation}

\item[2)] For each $k=1,2,\ldots,p,$ since $A-A(0)$ is symmetric, we have
\begin{eqnarray}\label{eq67}
\hspace{-0.2cm}&&\mathcal{F}^{into}(G^{\Omega_{k}}_{1}(A))-\mathcal{F}^{out}(G^{\Omega_{k}}_{1}(A))\nonumber\\
\hspace{-0.2cm}&=&\ell_{A}(U_{\sigma_{1}(k)},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
\hspace{-0.2cm}&&+\ell_{A(0)}(U_{k},U_{\sigma_{1}(k)})-\ell_{A(0)}(U_{\sigma_{1}(k)},U_{k})\\
\hspace{-0.2cm}&&+\ell_{A-A(0)}(U_{k},U_{\sigma_{1}(k)})-\ell_{A-A(0)}(U_{\sigma_{1}(k)},U_{k})\nonumber\\
\hspace{-0.2cm}&=&\ell_{A}(U_{\sigma_{1}(k)},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
\hspace{-0.2cm}&&+\ell_{A(0)}(U_{k},U_{\sigma_{1}(k)})-\ell_{A(0)}(U_{\sigma_{1}(k)},U_{k}).\nonumber
\end{eqnarray}
By $(\ref{eq66})$ and $(\ref{eq67})$,
the flow diagrams $G^{\Omega_{k}}_{1}(A)$, $k=1,2,$ $\ldots,p,$ induce the diagrams illustrated in Fig. \ref{figD}(b),
in which
\begin{eqnarray}\label{eq68}
\hspace{-0.7cm}&&\ell_{A}(U_{\sigma_{1}(k)},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
\hspace{-0.7cm}&=&\ell_{A(0)}(U_{\sigma_{1}(k)},U_{k})-\ell_{A(0)}(U_{k},U_{\sigma_{1}(k)})\\
\hspace{-0.7cm}&=&-\theta_{\tilde{\mu},k-1}.\nonumber
\end{eqnarray}

\item[3)] For each $k=1,2,\ldots,p,$ consider the flow diagram $G^{\Omega_{k}}_{0}(A)$ (see Fig. \ref{figD}(c)).
By $(\ref{eq65})$, we have
\begin{eqnarray}\label{eq39}
\hspace{-0.5cm}&&\mathcal{F}^{into}(G^{\Omega_{k}}_{0}(A))-\mathcal{F}^{out}(G^{\Omega_{k}}_{0}(A))\nonumber\\
\hspace{-0.5cm}&\geq&\sum_{i\in U_{k}\vartriangle U_{\sigma_{1}(k)}}a_{ii}(\eta(t_{\tilde{\mu}})+k-1)\\
\hspace{-0.5cm}&&-\sum_{i,j\in U_{k}\vartriangle U_{\sigma_{1}(k)}, i\neq j}|a_{ij}(\eta(t_{\tilde{\mu}})+k-1)|\nonumber\\
\hspace{-0.5cm}&\geq&\theta_{\tilde{\mu},k-1}.\nonumber
\end{eqnarray}

\item[4)] Combining $(\ref{eq68})$ and $(\ref{eq39})$ shows that
\begin{eqnarray}\label{eq40}
~\hspace{-0.7cm}&&\ell_{A}(U_{\sigma_{1}(k)},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
~\hspace{-0.7cm}&&+\mathcal{F}^{into}(G^{\Omega_{k}}_{0}(A))-\mathcal{F}^{out}(G^{\Omega_{k}}_{0}(A))~~~~~~~~\nonumber\\[-1.5ex]\\[-1.5ex]
~\hspace{-0.7cm}&=&\ell_{A}(U_{k},U_{k})+\ell_{A}(U_{\sigma_{1}(k)},U_{\sigma_{1}(k)})\nonumber\\
~\hspace{-0.7cm}&&-2\cdot\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
~\hspace{-0.7cm}&\geq&-\theta_{\tilde{\mu},k-1}+\theta_{\tilde{\mu},k-1}=0\nonumber
\end{eqnarray}
for each $k=1,2,\ldots,p.$
Inequalities $(\ref{eq40})$ are represented by the diagrams illustrated in Fig. \ref{figD}(d),
which can be viewed as the combination of the diagrams depicted in Fig. \ref{figD}(b) and Fig. \ref{figD}(c).

\item[5)] Let
\begin{eqnarray*}
~\hspace{-0.2cm}\mathcal{F}(\Omega_{k})&=&\ell_{A}(U_{\sigma_{1}(k)},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\nonumber\\
~\hspace{-0.2cm}&&+\mathcal{F}^{into}(G^{\Omega_{k}}_{0}(A))-\mathcal{F}^{out}(G^{\Omega_{k}}_{0}(A))\nonumber
\end{eqnarray*}
for each $k=1,2,\ldots,p.$
Hence
\begin{eqnarray}\label{eq44}
~\hspace{-0.3cm}&&\mathcal{F}(\Omega_{k})+\mathcal{F}(\Omega_{\sigma_{1}(k)})\nonumber\\
~\hspace{-0.3cm}&=&\ell_{A}(U_{k},U_{k})+\ell_{A}(U_{\sigma^{2}_{1}(k)},U_{\sigma^{2}_{1}(k)})\nonumber\\
~\hspace{-0.3cm}&&+2\cdot\ell_{A}(U_{\sigma_{1}(k)},U_{\sigma_{1}(k)})\\
~\hspace{-0.3cm}&&-2\cdot\ell_{A}(U_{k},U_{\sigma_{1}(k)})-2\cdot\ell_{A}(U_{\sigma_{1}(k)},U_{\sigma^{2}_{1}(k)})\nonumber\\
~\hspace{-0.3cm}&\geq&0.\nonumber
\end{eqnarray}
The diagram in Fig. \ref{figD}(e) depicts the linking rule formulated by $(\ref{eq44})$.

\item[6)] Armed with $(\ref{eq44})$, we obtain
\begin{eqnarray}\label{eq41}
~\hspace{-0.3cm}\sum_{k=1}^{p}\mathcal{F}(\Omega_{k})&=&2\cdot\sum_{k=1}^{p}\left(\ell_{A}(U_{k},U_{k})-\ell_{A}(U_{k},U_{\sigma_{1}(k)})\right)\nonumber\\
~\hspace{-0.3cm}&\geq&0,
\end{eqnarray}
which is represented by the diagram illustrated in Fig. \ref{figD}(f).

\item[7)] Consider the flow diagram $G^{\Omega}_{0}(A)$.
By $(\ref{eq41})$, we have
$$
\sum_{k=1}^{p}\ell_{A}(U_{k},U_{k})-\sum_{k=1}^{p}\ell_{A}(U_{k},U_{\sigma_{1}(k)})\geq 0.
$$
This shows that the flow-into strength $\mathcal{F}^{into}(G^{\Omega}_{0}(A))$
is greater than or equal to the flow-out strength $\mathcal{F}^{out}(G^{\Omega}_{0}(A))$
in the flow diagram $G^{\Omega}_{0}(A)$
(see Fig. \ref{figD}(g)).
\end{itemize}

\noindent The combinatorial process for the construct of the flow diagram $G^{\Omega}_{0}(A)$ implies that
$(A,0)\in\Theta(\Omega)$.
For each $t=\eta(t_{\tilde{\mu}}),\eta(t_{\tilde{\mu}})+1,\ldots,t_{\tilde{\mu}}$,
since $A(t)=A$ and
$$
s(t)\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\}\supset\{i;\,x_{i}(t)\neq x_{i}(t)\},
$$
we conclude from Theorem \ref{th1} that there exists a nonnegative integer $r$ with $r\leq t_{\tilde{\mu}}-\eta(t_{\tilde{\mu}})+1$
such that $x(\eta(t_{\tilde{\mu}})+r)\neq x(\eta(t_{\tilde{\mu}})+r),$
which is a contradiction.
Thus $\chi$ is finite,
immediately showing that, based on the dynamic state-shifting algorithm,
the dynamical system modeled by $(\ref{dynamics})$ will converge to an equilibrium state,
in which there exist $T\geq 0$, $q\geq 0$, $\xi\in\{0,1\}^{n}$, and $\mathcal{A}\in M_{n}(\Real)$ such that
$$
x(t)=\xi, A(t)=\mathcal{A}, \mbox{ and }s(t)\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\}
$$
for each $t\geq T$.
This proof reveals that the dynamic state-shifting algorithm can be used to embed many dynamic relaxation processes in ECAM networks.

\section{The pools of memory items in evolutionary content-addressable memory networks}\label{sec5}
An experimental result is reported to validate that ECAM networks perform adaptive computations
that are essential to pattern recognition or content-addressable memory \cite{Hopfield82}--\cite{Grossberg1}.
The adaptive computations include the classification of training samples and the construction of recognition mappings.

The classification of training samples is formulated by the following training of ECAM networks:

1) Let $\epsilon=0.0001$, $q =4$, and $n=17$ be as in the initial component of the dynamic state-shifting algorithm.
Let $s(t)=\{1,2,\ldots,n\}$ if $t=0,1,\ldots,q$; otherwise $s(t)=\1(x(t-q))\cup\1(x(t))\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\}$.
The threshold $b_{i}$ is in the interval $[0,1]$ for $i=1,2,\ldots,n$.
The initial evolutionary coupling matrix $A(0)=(a_{ij}(0))\in M_{n}(\Real)$ is defined by
$a_{ii}(0)=-5$ for $i=1,2,\ldots,n$ and $a_{ij}(0)\in [5,15]\cup[-15,-5]$ (see Table \ref{tab2} for an illustration).
Note that the initial evolutionary coupling matrix is not necessarily symmetric.

2) Consider $\mathcal{X}$ as a \textit{training set} consisting of arbitrary training samples in the sample space,
with each one generating a stimulating vector (an input vector) of neuronal activity states in the phase space $\{0,1\}^{n}$
(as an illustration, see the first line of Table \ref{tab3} with $\sharp\mathcal{X}=10$).
One \textit{round of the training} of the ECAM network (illustrated by each line of Table \ref{tab3})
is defined by repeatedly applying each stimulating vector to the renewed initial vector of neuronal activity states
and recurrently applying the temporarily trained evolutionary coupling matrix (described in the next Step 3 of the training) to the renewed initial evolutionary coupling matrix
described in the initial component of the dynamic state-shifting algorithm.
To specify the symmetric regulatory coupling matrix $\mathcal{D}(t)$ in the iterative component of the dynamic state-shifting algorithm,
we shall first define the symmetric matrix $R(\kappa)=(r_{ij}(\kappa))\in M_{n}(\Real)$
for each $\kappa=\eta(t),\eta(t)+1,\ldots,t$ in $(\ref{eq56})$.
Indeed, for each $i,j\in\1(x(\kappa))\vartriangle \1(x(\kappa+1))$,
let $\pi_{ij}^{1}(\kappa),\pi_{ij}^{2}(\kappa)\in\Real$ satisfy
$\pi_{ij}^{1}(\kappa)\geq0$, $\pi_{ij}^{2}(\kappa)\geq 0$, and $\pi_{ij}^{1}(\kappa)+\pi_{ij}^{2}(\kappa)=1$.
The symmetric matrix $R(\kappa)$ is defined by
\begin{eqnarray*}
r_{ij}(\kappa)=0 &\mbox{ if }&x_{i}(\kappa)= x_{i}(\kappa+1)\\
&& \mbox{ or } x_{j}(\kappa)= x_{j}(\kappa+1),
\end{eqnarray*}
and
\begin{eqnarray}\label{eq76}
0\leq r_{ij}(\kappa)\leq 0.02&\mbox{ if }&x_{i}(\kappa)=x_{j}(\kappa)\nonumber\\[-1.5ex]\\[-1.5ex]
&&\neq x_{i}(\kappa+1)=x_{j}(\kappa+1),\nonumber
\end{eqnarray}
\begin{eqnarray}\label{eq77}
-0.02\leq r_{ij}(\kappa)\leq 0&\mbox{ if }&x_{i}(\kappa)=x_{j}(\kappa+1)\nonumber\\[-1.5ex]\\[-1.5ex]
&&\neq x_{i}(\kappa+1)=x_{j}(\kappa),~~~\nonumber
\end{eqnarray}
and for each $k$ with $x_{k}(\kappa)\neq x_{k}(\kappa+1)$ let
\begin{eqnarray*}
r_{kk}(\kappa)&=&\sum_{i\in\1(x(\kappa))\vartriangle \1(x(\kappa+1)),i\neq k}|r_{ik}(\kappa)|\cdot\pi_{ik}^{1}(\kappa)\\
&&+\sum_{i\in\1(x(\kappa))\vartriangle \1(x(\kappa+1)),j\neq k}|r_{kj}(\kappa)|\cdot\pi_{kj}^{2}(\kappa)\\[3pt]
&&+0.0001.
\end{eqnarray*}
Note that $(\ref{eq61})$ and $(\ref{eq62})$ hold automatically.
Furthermore, $(\ref{eq76})$ and $(\ref{eq77})$ imply that
the connections between neuron $i$ and neuron $j$ are strengthened ($r_{ij}(\kappa)\geq 0$ and $r_{ji}(\kappa)\geq 0$)
when they fire synchronously ($x_{i}(\kappa)=x_{j}(\kappa)$ and $x_{i}(\kappa+1)=x_{j}(\kappa+1)$),
whereas the connections between neuron $i$ and neuron $j$ are weakened ($r_{ij}(\kappa)\leq 0$ and $r_{ji}(\kappa)\leq 0$)
when they fire asynchronously ($x_{i}(\kappa)\neq x_{j}(\kappa)$ and $x_{i}(\kappa+1)\neq x_{j}(\kappa+1)$).
This reveals the Hebbian learning rule which is often summarized as ``the connections between neurons are strengthened when they fire synchronously" \cite{Hebb}.

3) On each round $r$ of the training, the dynamics, denoted $x(t)|_{x,r}$, initiated by any stimulating vector $x$ is temporarily terminated
if the iterative time step $t$ equals the maximal iterative number (initially set it to be $50$) or the number of decirculation
(the occurrence of all $t$ such that $\zeta(t)\leq \eta(t)<t$) equals 5.
Denote by $\xi(x,r)$ the \textit{terminated state},
$t(x,r)$ the \textit{terminated time step},
$c(x,r)$ the \textit{number of decirculation},
and $\mathcal{A}|_{x,r}$ the \textit{temporarily trained evolutionary coupling matrix} resulting from
round $r$ of the given training initiated by the stimulating vector $x$.
If there exist rounds $\tilde{r},\tilde{r}+1,\tilde{r}+2\leq 200$ of the training such that for every stimulating vector $x$,
$$
\xi(x,\tilde{r})=\xi(x,\tilde{r}+1)=\xi(x,\tilde{r}+2),
$$
$$
c(x,\tilde{r})=c(x,\tilde{r}+1)=c(x,\tilde{r}+2)=0,
$$
and
\begin{eqnarray}\label{eq82}
x(t)|_{x,r}=\xi(x,r)&\hspace{-0.1cm}\mbox{for}&\hspace{-0.2cm}t=t(x,r)-10,\ldots,t(x,r),\nonumber\\
&\hspace{-0.1cm}&\hspace{-0.2cm}r=\tilde{r},\tilde{r}+1,\tilde{r}+2,
\end{eqnarray}
then we say that the training of the ECAM network appropriately generates patterns
forming the \textit{pool of memory items}
$$
\varrho(\mathcal{X})=\{\xi(x,\tilde{r});~x\mbox{ is a stimulating vector}\}
$$
responding to the training set $\mathcal{X}$ (see the last line of Table \ref{tab3} for an illustration)
and generates the \textit{trained evolutionary coupling matrix}, denoted $\mathcal{A}(\mathcal{X})$,
satisfying
$$
\mathcal{A}(\mathcal{X})=\mathcal{A}|_{x,\tilde{r}}~\mbox{ for every stimulating vector }x
$$
(see Table \ref{tab4}).
Otherwise if there exists round $\tilde{r}\leq 200$ of the training
such that $c(x,\tilde{r})=0$ for every stimulating vector $x$,
then we reset the maximal iterative number to be 50 greater than the last one.
Repeat rounds of the training until a pool of memory items is obtained or round $r$ of the training is greater than 200.

Testing 1000 training sets, with each training set consisting of 10 training samples in the sample space
and being subject to the training described above,
we show in Fig. \ref{figRate}(a) that 80.5\% of the training of ECAM networks
can appropriately generate patterns forming the pools of memory items.
Pattern generation in the training of ECAM networks is to classify training samples of training sets $\mathcal{X}$.
As a result, each training sample which generates a stimulating vector $x$ will be \textit{recognized by a memory item} $\xi(x,\tilde{r})$
in the phase space $\{0,1\}^{n}$.
Fig. \ref{figRate}(b) shows that training samples of 1000 training sets are classified according to the generation of the pools of distinct memory items.
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\caption{The performance of adaptive computations of ECAM networks.
We test 1000 training sets, with each training set consisting of 10 training samples
and being subject to the training described in Section \ref{sec5}.
(a) 80.5\% of the training of ECAM networks can appropriately generate patterns forming the pools of memory items.
The bar on the most left side denotes 195 training sets whose rounds of the training continue for round 200.
(b) Training samples of each training set are classified according to the generation of the pool of distinct memory items.
(c) For 57\%, 75\%, 87\% of training sets $\mathcal{X}$ tested in Fig. \ref{figRate}(a)
for which a pool of memory items $\varrho(\mathcal{X})$ is obtained,
the rate $R_{\varrho(\mathcal{X})}$ is greater than 0.8, 0.7, 0.6, respectively.
}\label{figRate}
\end{figure}

The classification of training samples of a training set $\mathcal{X}$ implies a recognition mapping from an external sample space
to an internal phase space of a neural network system.
Consider a \textit{trained ECAM networks} equipped with a trained evolutionary coupling matrix $\mathcal{A}(\mathcal{X})$,
whose dynamics is defined by $(\ref{dynamics})$ with
\begin{eqnarray}\label{eq81}
A(t)=\mathcal{A}(\mathcal{X})&\mbox{for}&t=0,1,\ldots,\nonumber\\[-1.5ex]\\[-1.5ex]
s(t)\supset\{i;\,x_{i}(t-q)\neq x_{i}(t)\}&\mbox{for}&t=q,q+1,\ldots.\nonumber
\end{eqnarray}
For an unknown new sample (regarded as a partial information of training samples) in the sample space,
we wish to determine that if the unknown new sample generates a stimulating vector $x$
of neuronal activity states in the phase space $\{0,1\}^{n}$,
whether the phase flow $x(t)$ generated by $(\ref{eq81})$ with the initial vector $x(0)=x$ can retrieve a pattern in $\varrho(\mathcal{X})$,
meaning that there exists $T\geq 0$ such that
\begin{equation}\label{eq83}
x(T)=x(T+1)=\cdots=x(T+100)\in\varrho(\mathcal{X}).
\end{equation}
This form $(\ref{eq83})$ implies pattern recognition of the unknown new sample.
To validate this, we consider a set $\omega$ consisting of 2000 unknown new samples in the sample space (not necessarily in the training set $\mathcal{X}$),
and define $\varpi$ to be a subset taking over all samples in $\omega$ such that all those samples can be recognized by memory items in $\varrho(\mathcal{X})$.
The rate of pattern recognition for the pool of memory items, denoted $R_{\varrho(\mathcal{X})}$,
is defined to be the ratio of $\sharp\varpi$ to $\sharp\omega$.
For any training set $\mathcal{X}$ tested in Fig. \ref{figRate}(a) for which a pool of memory items $\varrho(\mathcal{X})$ is obtained,
we show in Fig. \ref{figRate}(c) that the rate $R_{\varrho(\mathcal{X})}$ is always between 60\% and 100\%.
The higher rate $R_{\varrho(\mathcal{X})}$ means the better performance of pattern recognition for the pool of memory items $\varrho(\mathcal{X})$.

To summarize, the training of ECAM networks is to classify training samples of training sets $\mathcal{X}$,
with the pools of memory items $\varrho(\mathcal{X})$ emerging as nonlinear dynamic patterns
for defining recognition mappings from the external sample spaces
to the internal phase spaces of the neural network systems.

This experimental result reveals three advantages in comparison with the typical model of content-addressable memory (CAM) networks \cite{Hopfield82,Cohen}.
First, when network structure and neural updating alter,
it seems to be much more difficult or even impossible to find a unifying energy function \cite{ShihTsai,Ando}
such that the energy minimization method can be employed.

\onecolumn
~
\begin{table}\vspace{-0.35cm}
\caption{The $17\times17$ array of an initial evolutionary coupling matrix $A(0)$.}
\label{tab2}
\centering~\vspace{-1cm}\\
{\fontsize{1}{8pt}\selectfont
$$~\hspace{-0.6cm}
\begin{array}{rrrrrrrrrrrrrrrrr}
-5.0000 &~\hspace{-0.35cm} -7.8976 &~\hspace{-0.35cm} -9.3273 &~\hspace{-0.35cm} -13.3874 &~\hspace{-0.35cm} -12.9686 &~\hspace{-0.35cm} -9.2245 &~\hspace{-0.35cm} -13.2384 &~\hspace{-0.35cm} -11.2267 &~\hspace{-0.35cm} 10.8478 &~\hspace{-0.35cm} 12.3524 &~\hspace{-0.35cm} -13.6565 &~\hspace{-0.35cm} -7.0358 &~\hspace{-0.35cm} 12.0723 &~\hspace{-0.35cm} -10.3036 &~\hspace{-0.35cm} -13.8740 &~\hspace{-0.35cm} -8.3671 &~\hspace{-0.35cm} 13.8393\\
12.1483 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -7.7420 &~\hspace{-0.35cm} 5.0457 &~\hspace{-0.35cm} 13.2106 &~\hspace{-0.35cm} -13.3757 &~\hspace{-0.35cm} 9.1960 &~\hspace{-0.35cm} -13.0505 &~\hspace{-0.35cm} 7.7857 &~\hspace{-0.35cm} 10.8113 &~\hspace{-0.35cm} 13.1217 &~\hspace{-0.35cm} -13.1051 &~\hspace{-0.35cm} 12.6252 &~\hspace{-0.35cm} 11.8159 &~\hspace{-0.35cm} -6.3606 &~\hspace{-0.35cm} -12.2469 &~\hspace{-0.35cm} -12.5339\\
14.4223 &~\hspace{-0.35cm} 14.2543 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 14.4290 &~\hspace{-0.35cm} -10.0741 &~\hspace{-0.35cm} -5.8799 &~\hspace{-0.35cm} -10.8916 &~\hspace{-0.35cm} -12.7754 &~\hspace{-0.35cm} 9.2970 &~\hspace{-0.35cm} 12.4175 &~\hspace{-0.35cm} -10.4401 &~\hspace{-0.35cm} 14.6303 &~\hspace{-0.35cm} -11.6558 &~\hspace{-0.35cm} 6.2666 &~\hspace{-0.35cm} 7.5384 &~\hspace{-0.35cm} -5.3259 &~\hspace{-0.35cm} -12.6037\\
10.2850 &~\hspace{-0.35cm} -5.1009 &~\hspace{-0.35cm} 8.4728 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 6.2468 &~\hspace{-0.35cm} -13.6904 &~\hspace{-0.35cm} 5.7542 &~\hspace{-0.35cm} -12.8828 &~\hspace{-0.35cm} -8.8031 &~\hspace{-0.35cm} 10.0088 &~\hspace{-0.35cm} 7.1154 &~\hspace{-0.35cm} 8.1807 &~\hspace{-0.35cm} 11.1935 &~\hspace{-0.35cm} -5.0448 &~\hspace{-0.35cm} -13.8774 &~\hspace{-0.35cm} -10.1582 &~\hspace{-0.35cm} -14.1834\\
5.6164 &~\hspace{-0.35cm} 9.1034 &~\hspace{-0.35cm} 12.4163 &~\hspace{-0.35cm} 6.9418 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 12.2403 &~\hspace{-0.35cm} -6.3736 &~\hspace{-0.35cm} 13.2529 &~\hspace{-0.35cm}-11.7756 &~\hspace{-0.35cm}-10.2728 &~\hspace{-0.35cm} 12.5970 &~\hspace{-0.35cm} 9.3832 &~\hspace{-0.35cm} 8.5024 &~\hspace{-0.35cm}-11.2168 &~\hspace{-0.35cm} 14.0511 &~\hspace{-0.35cm} 12.7796 &~\hspace{-0.35cm} 13.3624\\
-10.9671 &~\hspace{-0.35cm} -8.1071 &~\hspace{-0.35cm} 14.5589 &~\hspace{-0.35cm} 14.6928 &~\hspace{-0.35cm} -11.5751 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 9.5792 &~\hspace{-0.35cm} 14.0262 &~\hspace{-0.35cm}-11.5616 &~\hspace{-0.35cm} 7.9923 &~\hspace{-0.35cm} 13.8443 &~\hspace{-0.35cm} -5.7132 &~\hspace{-0.35cm} -8.3245 &~\hspace{-0.35cm}-10.0681 &~\hspace{-0.35cm} 8.8997 &~\hspace{-0.35cm} 5.0086 &~\hspace{-0.35cm} -5.3564\\
5.3324 &~\hspace{-0.35cm} -14.6208 &~\hspace{-0.35cm} -5.8738 &~\hspace{-0.35cm} 7.8862 &~\hspace{-0.35cm} -5.3672 &~\hspace{-0.35cm} -9.5026 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -10.9551 &~\hspace{-0.35cm} -12.1397 &~\hspace{-0.35cm} -12.8943 &~\hspace{-0.35cm} 14.0700 &~\hspace{-0.35cm} -7.0168 &~\hspace{-0.35cm} 8.3172 &~\hspace{-0.35cm} -6.3847 &~\hspace{-0.35cm} -13.6379 &~\hspace{-0.35cm} -6.5875 &~\hspace{-0.35cm} -11.9974\\
10.4368 &~\hspace{-0.35cm} -5.4025 &~\hspace{-0.35cm}-11.2261 &~\hspace{-0.35cm} 14.7262 &~\hspace{-0.35cm} 8.1878 &~\hspace{-0.35cm} -14.3419 &~\hspace{-0.35cm} 8.4755 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 6.3296 &~\hspace{-0.35cm} 10.6371 &~\hspace{-0.35cm} -10.3550 &~\hspace{-0.35cm} 5.8174 &~\hspace{-0.35cm} 14.0291 &~\hspace{-0.35cm} -14.1779 &~\hspace{-0.35cm} 8.1719 &~\hspace{-0.35cm} 11.9046 &~\hspace{-0.35cm} -5.9106\\
-12.7053 &~\hspace{-0.35cm} -6.3071 &~\hspace{-0.35cm} 13.2126 &~\hspace{-0.35cm} 13.2756 &~\hspace{-0.35cm} 9.8817 &~\hspace{-0.35cm} 13.7344 &~\hspace{-0.35cm} 6.5118 &~\hspace{-0.35cm} 11.8227 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -8.1695 &~\hspace{-0.35cm} -8.6193 &~\hspace{-0.35cm} -9.8630 &~\hspace{-0.35cm} 5.2590 &~\hspace{-0.35cm} 8.6549 &~\hspace{-0.35cm} 10.4583 &~\hspace{-0.35cm} 10.4971 &~\hspace{-0.35cm} 6.8587\\
-8.5502 &~\hspace{-0.35cm} -8.4062 &~\hspace{-0.35cm}-11.5724 &~\hspace{-0.35cm} -9.6670 &~\hspace{-0.35cm} 6.1395 &~\hspace{-0.35cm} -13.3895 &~\hspace{-0.35cm} 5.4038 &~\hspace{-0.35cm} -8.3015 &~\hspace{-0.35cm} -7.1754 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 12.7072 &~\hspace{-0.35cm} -5.8369 &~\hspace{-0.35cm} -7.5638 &~\hspace{-0.35cm} 14.5408 &~\hspace{-0.35cm} -9.0559 &~\hspace{-0.35cm} -11.4892 &~\hspace{-0.35cm} 5.3636\\
-12.4176 &~\hspace{-0.35cm} -12.3974 &~\hspace{-0.35cm}-12.2135 &~\hspace{-0.35cm} -9.1910 &~\hspace{-0.35cm} -9.7298 &~\hspace{-0.35cm} -8.7660 &~\hspace{-0.35cm} 9.0929 &~\hspace{-0.35cm} -6.4873 &~\hspace{-0.35cm} 9.1359 &~\hspace{-0.35cm} -6.0770 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -8.7280 &~\hspace{-0.35cm} -12.8053 &~\hspace{-0.35cm} 11.0384 &~\hspace{-0.35cm} -8.2309 &~\hspace{-0.35cm} -6.2834 &~\hspace{-0.35cm} 12.6958\\
-9.6659 &~\hspace{-0.35cm} 14.7591 &~\hspace{-0.35cm}-14.3040 &~\hspace{-0.35cm} 6.9899 &~\hspace{-0.35cm} 5.0107 &~\hspace{-0.35cm} 5.6818 &~\hspace{-0.35cm} 14.3904 &~\hspace{-0.35cm} -10.4669 &~\hspace{-0.35cm} -5.7360 &~\hspace{-0.35cm} -10.1632 &~\hspace{-0.35cm} 12.8846 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -13.2387 &~\hspace{-0.35cm} 9.5909 &~\hspace{-0.35cm} 6.5891 &~\hspace{-0.35cm} -9.6771 &~\hspace{-0.35cm} -14.2536\\
-5.4609 &~\hspace{-0.35cm} 10.8529 &~\hspace{-0.35cm} 13.8494 &~\hspace{-0.35cm} -10.7641 &~\hspace{-0.35cm} -10.1343 &~\hspace{-0.35cm} -10.2411 &~\hspace{-0.35cm} -9.9770 &~\hspace{-0.35cm} -8.5818 &~\hspace{-0.35cm} -11.0935 &~\hspace{-0.35cm} -6.2853 &~\hspace{-0.35cm} 12.3463 &~\hspace{-0.35cm} 10.9261 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -12.5048 &~\hspace{-0.35cm} -13.8465 &~\hspace{-0.35cm} -13.8446 &~\hspace{-0.35cm} 5.2973\\
11.2226 &~\hspace{-0.35cm} 10.2468 &~\hspace{-0.35cm} 13.7336 &~\hspace{-0.35cm} 5.4630 &~\hspace{-0.35cm} 6.6531 &~\hspace{-0.35cm} 8.1776 &~\hspace{-0.35cm} 14.9091 &~\hspace{-0.35cm} 5.4655 &~\hspace{-0.35cm} -6.8176 &~\hspace{-0.35cm} -11.6563 &~\hspace{-0.35cm} 12.0686 &~\hspace{-0.35cm} -11.9891 &~\hspace{-0.35cm} -9.5432 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} -7.4363 &~\hspace{-0.35cm} 6.2770 &~\hspace{-0.35cm} -10.1103\\
12.6096 &~\hspace{-0.35cm} 9.5919 &~\hspace{-0.35cm} 6.5767 &~\hspace{-0.35cm} 5.6278 &~\hspace{-0.35cm} -8.4425 &~\hspace{-0.35cm} -14.3208 &~\hspace{-0.35cm} -13.8681 &~\hspace{-0.35cm} 8.2437 &~\hspace{-0.35cm} 6.5530 &~\hspace{-0.35cm} 7.4993 &~\hspace{-0.35cm} 11.5453 &~\hspace{-0.35cm} -7.5310 &~\hspace{-0.35cm} 12.9922 &~\hspace{-0.35cm} 14.8697 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm}-13.7991 &~\hspace{-0.35cm} -5.5552\\
12.5770 &~\hspace{-0.35cm} -9.7069 &~\hspace{-0.35cm} 6.7806 &~\hspace{-0.35cm} -14.9129 &~\hspace{-0.35cm} -11.7712 &~\hspace{-0.35cm} 9.7506 &~\hspace{-0.35cm} -8.8600 &~\hspace{-0.35cm} 9.4545 &~\hspace{-0.35cm} 8.0274 &~\hspace{-0.35cm} -5.0829 &~\hspace{-0.35cm} -10.7984 &~\hspace{-0.35cm} 12.4468 &~\hspace{-0.35cm} -6.0300 &~\hspace{-0.35cm} -12.6974 &~\hspace{-0.35cm} -5.1056 &~\hspace{-0.35cm} -5.0000 &~\hspace{-0.35cm} 12.3043\\
-7.4499 &~\hspace{-0.35cm} -8.0553 &~\hspace{-0.35cm} 6.2183 &~\hspace{-0.35cm} -9.0298 &~\hspace{-0.35cm} -10.6607 &~\hspace{-0.35cm} -9.9938 &~\hspace{-0.35cm} 12.5483 &~\hspace{-0.35cm} 13.2569 &~\hspace{-0.35cm} 14.3052 &~\hspace{-0.35cm} 10.1006 &~\hspace{-0.35cm} -7.4979 &~\hspace{-0.35cm} -8.9236 &~\hspace{-0.35cm} 12.4761 &~\hspace{-0.35cm} 12.4714 &~\hspace{-0.35cm} -10.0018 &~\hspace{-0.35cm} 11.0481 &~\hspace{-0.35cm} -5.0000\\
\end{array}\vspace{-0.35cm}
$$
}
\end{table}

\begin{table}
\caption{The base ten representation of stimulating vectors generated by $\mathcal{X}$, terminated states by training, and memory items in $\varrho(\mathcal{X})$.}
\label{tab3}
\centering~\vspace{-1cm}\\
{\fontsize{6}{7pt}\selectfont
$$
\begin{tabular}{|c|rrrrrrrrrr|}
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Stimulating vectors&83976&119455& 96764&76085& 25454&116861&99721&65785&62629& 128211\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 1)&75538& 98704&98704& 98704&98704& 98704& 98704& 98704&$^{\dag}${0}&$^{\ast}${0}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 2)&18710&400&$^{\ast}${98704}& 98704&$^{\dag}${98704}&98704&$^{\dag}${98704}&98704&$^{\ast}${26902}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 3)&82192& 18566& 98704& 98704&$^{\dag}${98704}& 98704&$^{\ast}${0}& 83715&98704& 98704\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 4)&65936& 65792&$^{\ast}${98704}&98704&$^{\dag}${98704}&98704&65936&16784&$^{\ast}${26902}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 5)&106896&16788&65936&98704&$^{\dag}${98704}&106896&$^{\dag}${98704}&65936&65808&106896\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 6)&65936&65792&$^{\ast}${98704}&98704&$^{\dag}${98704}&$^{\ast}${26902}&106896&98704&16658&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 7)&106896&65936&$^{\ast}${98704}&98704&$^{\dag}${98704}&$^{\ast}${26902}&82320&65936&16658&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 8)&106896&65936&$^{\ast}${98704}&98704&$^{\dag}${98704}&$^{\ast}${26902}&98704&65936&16658&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 9)&106896& 65936&$^{\ast}${98704}&$^{\ast}${26902}&24980&$^{\ast}${26902}&$^{\ast}${98704}&16786&$^{\ast}${26902}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 10)&106896&$^{\ast}${82320}&98704&$^{\ast}${26902}&106896&$^{\ast}${26902}&$^{\ast}${98704}&16786&98704& 106896\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 11)&18838&$^{\ast}${82320}& 98704&98704& 82320&$^{\ast}${26902}&16784&$^{\ast}${16786}&106896&106896\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 12)&$^{\ast}${26902}&83218&16786& 18710&$^{\ast}${98704}&$^{\ast}${26902}&98704&90514&83856&$^{\ast}${82320}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 13)&83216&$^{\ast}${90390}&98704&98704&$^{\ast}${82320}&49556&106896&$^{\ast}${26902}&106896&106896\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 14)&$^{\ast}${82320}&$^{\ast}${90390}&98704&98704&$^{\ast}${82320}&98704&98704&98704&24978&98704\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 15)&16534&90390&$^{\ast}${123280}&$^{\dag}${82320}&$^{\ast}${82320}&106896&$^{\ast}${82320}&$^{\ast}${123280}&$^{\dag}${82320}&$^{\ast}${123280}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 16)&90516&$^{\ast}${82320}&$^{\ast}${82320}&$^{\ast}${123280}&$^{\ast}${82320}&106896&$^{\ast}${82320}&$^{\ast}${123280}&$^{\dag}${98704}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 17)&$^{\ast}${90390}&$^{\ast}${82320}&$^{\ast}${82320}&$^{\ast}${106896}&$^{\ast}${82320}&24850&$^{\ast}${82320}&$^{\ast}${106896}&24834&$^{\ast}${123280}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 18)&$^{\dag}${82320}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${82320}&$^{\ast}${82320}&24850&$^{\ast}${82320}&$^{\ast}${106896}&24834&$^{\ast}${123280}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 19)&$^{\dag}${82320}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${82320}&$^{\ast}${82320}&24834&$^{\ast}${90390}&$^{\ast}${98704}&24834&$^{\ast}${106896}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 20)&123152&$^{\ast}${82320}&$^{\ast}${82320}&$^{\ast}${82320}&82198&$^{\dag}${83344}&$^{\ast}${98704}&$^{\ast}${123280}&106896&$^{\ast}${123280}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 21)&$^{\dag}${82320}&16790&$^{\ast}${123280}&$^{\ast}${82320}&$^{\dag}${90390}&$^{\ast}${123280}&$^{\ast}${91408}&$^{\dag}${91408}&$^{\dag}${90390}&123280\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 22)&$^{\ast}${90390}&$^{\ast}${82320}&$^{\ast}${82320}&$^{\ast}${82320}&$^{\ast}${90390}&$^{\ast}${123280}&83200&$^{\ast}${82320}&$^{\dag}${98704}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 23)&$^{\dag}${90390}&$^{\dag}${90390}&$^{\ast}${106896}&24852&$^{\ast}${90390}&$^{\ast}${106896}&123280&$^{\ast}${90390}&$^{\dag}${98704}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 24)&$^{\dag}${90390}&$^{\dag}${90390}&$^{\ast}${106896}& 24852&$^{\ast}${90390}&$^{\ast}${106896}&123280&$^{\ast}${90390}&$^{\dag}${98704}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 25)&$^{\dag}${90390}&$^{\dag}${90390}&$^{\ast}${106896}&16662&$^{\ast}${90390}&$^{\ast}${106896}&123280&$^{\ast}${90390}&$^{\dag}${106896}&$^{\dag}${106896}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 26)&92050&$^{\ast}${18710}&$^{\ast}${123280}&$^{\dag}${123280}&$^{\ast}${90390}&$^{\ast}${123280}&$^{\ast}${91408}&91536&$^{\ast}${90390}&$^{\ast}${82320}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 27)&$^{\ast}${90390}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&24834&106896&$^{\ast}${90390}&$^{\ast}${82320}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 28)&$^{\ast}${90390}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&24834&106896&$^{\ast}${90390}&$^{\ast}${82320}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 29)&$^{\ast}${90390}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&106896&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 30)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&106896&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 31)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 32)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 33)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 34)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 35)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 36)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 37)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}& $^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.22cm}\\
Terminated states (round 38)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\dag}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 39)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\ast}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Terminated states (round 40)&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\ast}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
&&&&&&&&&&\vspace{-0.18cm}\\
Memory items&$^{\ast}${74006}&$^{\ast}${90390}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${106896}&$^{\ast}${18710}&$^{\ast}${90514}&$^{\ast}${91408}&$^{\ast}${90390}&$^{\ast}${26902}\vspace{-0.03cm}\\
\hline
\end{tabular}\vspace{-0.15cm}
$$
}
${\dag}$: $(\ref{eq82})$ holds and $c(x,r)\neq0$; ${\ast}$: $(\ref{eq82})$ holds and $c(x,r)=0$; $R_{\varrho(\mathcal{X})}=90\%$
\end{table}

\begin{table}~\vspace{-4.4cm}\\
\caption{The $17\times17$ array of the trained evolutionary coupling matrix $\mathcal{A}(\mathcal{X})$.}
\label{tab4}
\centering~\vspace{-1cm}\\
{\fontsize{1}{8pt}\selectfont
$$~\hspace{-0.6cm}
\begin{array}{rrrrrrrrrrrrrrrrr}
-4.3435&~\hspace{-0.35cm} -7.8498&~\hspace{-0.35cm} -9.3683&~\hspace{-0.35cm}-13.3874&~\hspace{-0.35cm}-13.0084&~\hspace{-0.35cm} -9.2245&~\hspace{-0.35cm}-13.2384&~\hspace{-0.35cm} -11.2714&~\hspace{-0.35cm} 10.9048&~\hspace{-0.35cm} 12.4736&~\hspace{-0.35cm}-13.5658&~\hspace{-0.35cm} -7.0358&~\hspace{-0.35cm} 12.0723&~\hspace{-0.35cm}-10.3607&~\hspace{-0.35cm}-13.8231&~\hspace{-0.35cm} -8.4241&~\hspace{-0.35cm} 13.8822\\
12.1961&~\hspace{-0.35cm}7.3399&~\hspace{-0.35cm} -8.0815&~\hspace{-0.35cm}5.0457&~\hspace{-0.35cm} 12.5676&~\hspace{-0.35cm}-13.3563&~\hspace{-0.35cm}9.1960&~\hspace{-0.35cm} -12.8332&~\hspace{-0.35cm}7.4337&~\hspace{-0.35cm} 11.5592&~\hspace{-0.35cm} 13.3160&~\hspace{-0.35cm}-12.5001&~\hspace{-0.35cm} 12.6252&~\hspace{-0.35cm} 10.8413&~\hspace{-0.35cm} -6.0157&~\hspace{-0.35cm}-13.0804&~\hspace{-0.35cm}-11.8359\\
14.3813&~\hspace{-0.35cm} 13.9148&~\hspace{-0.35cm}3.9336&~\hspace{-0.35cm} 14.4290&~\hspace{-0.35cm}-10.0221&~\hspace{-0.35cm} -5.9702&~\hspace{-0.35cm}-10.8916&~\hspace{-0.35cm}-11.4337&~\hspace{-0.35cm}8.8973&~\hspace{-0.35cm} 12.0481&~\hspace{-0.35cm}-11.0334&~\hspace{-0.35cm} 14.9609&~\hspace{-0.35cm}-11.6558&~\hspace{-0.35cm}5.5404&~\hspace{-0.35cm}7.9171&~\hspace{-0.35cm} -5.2382&~\hspace{-0.35cm}-13.7648\\
10.2850&~\hspace{-0.35cm} -5.1009&~\hspace{-0.35cm}8.4728&~\hspace{-0.35cm} -4.9636&~\hspace{-0.35cm}6.2468&~\hspace{-0.35cm}-13.6904&~\hspace{-0.35cm}5.7542&~\hspace{-0.35cm} -12.8914&~\hspace{-0.35cm} -8.8031&~\hspace{-0.35cm}9.9930&~\hspace{-0.35cm}7.1037&~\hspace{-0.35cm}8.1807&~\hspace{-0.35cm} 11.1935&~\hspace{-0.35cm} -5.0448&~\hspace{-0.35cm}-13.8774&~\hspace{-0.35cm}-10.1582&~\hspace{-0.35cm}-14.1834\\
5.5766&~\hspace{-0.35cm}8.4603&~\hspace{-0.35cm} 12.4682&~\hspace{-0.35cm}6.9418&~\hspace{-0.35cm}0.7628&~\hspace{-0.35cm} 12.4434&~\hspace{-0.35cm} -6.3736&~\hspace{-0.35cm}12.8441&~\hspace{-0.35cm}-11.6922&~\hspace{-0.35cm}-10.5209&~\hspace{-0.35cm} 12.9383&~\hspace{-0.35cm}9.0947&~\hspace{-0.35cm}8.5024&~\hspace{-0.35cm}-11.5435&~\hspace{-0.35cm}14.0104&~\hspace{-0.35cm} 12.9223&~\hspace{-0.35cm} 12.9068\\
-10.9671&~\hspace{-0.35cm} -8.0877&~\hspace{-0.35cm} 14.4686&~\hspace{-0.35cm} 14.6928&~\hspace{-0.35cm}-11.3720&~\hspace{-0.35cm}1.2014&~\hspace{-0.35cm}9.5792&~\hspace{-0.35cm}14.4641&~\hspace{-0.35cm}-11.3799&~\hspace{-0.35cm}7.9185&~\hspace{-0.35cm} 13.5419&~\hspace{-0.35cm} -5.9253&~\hspace{-0.35cm} -8.3245&~\hspace{-0.35cm} -9.6981&~\hspace{-0.35cm}9.1361&~\hspace{-0.35cm}4.3595&~\hspace{-0.35cm} -5.0886\\
5.3324&~\hspace{-0.35cm}-14.6208&~\hspace{-0.35cm} -5.8738&~\hspace{-0.35cm}7.8862&~\hspace{-0.35cm} -5.3672&~\hspace{-0.35cm} -9.5026&~\hspace{-0.35cm} -5.0000&~\hspace{-0.35cm}-10.9551&~\hspace{-0.35cm}-12.1397&~\hspace{-0.35cm}-12.8943&~\hspace{-0.35cm} 14.0700&~\hspace{-0.35cm} -7.0168&~\hspace{-0.35cm}8.3172&~\hspace{-0.35cm} -6.3847&~\hspace{-0.35cm}-13.6379&~\hspace{-0.35cm} -6.5875&~\hspace{-0.35cm}-11.9974\\
10.3921&~\hspace{-0.35cm} -5.1852&~\hspace{-0.35cm} -9.8843&~\hspace{-0.35cm} 14.7176&~\hspace{-0.35cm}7.7790&~\hspace{-0.35cm}-13.9040&~\hspace{-0.35cm}8.4755&~\hspace{-0.35cm} 8.3525&~\hspace{-0.35cm}5.8990&~\hspace{-0.35cm} 10.3023&~\hspace{-0.35cm}-10.9799&~\hspace{-0.35cm}5.0294&~\hspace{-0.35cm} 14.0291&~\hspace{-0.35cm}-13.9540&~\hspace{-0.35cm}7.5651&~\hspace{-0.35cm} 11.9343&~\hspace{-0.35cm} -7.1070\\
-12.6483&~\hspace{-0.35cm} -6.6591&~\hspace{-0.35cm} 12.8128&~\hspace{-0.35cm} 13.2756&~\hspace{-0.35cm}9.9651&~\hspace{-0.35cm} 13.9161&~\hspace{-0.35cm}6.5118&~\hspace{-0.35cm}11.3920&~\hspace{-0.35cm} -0.9819&~\hspace{-0.35cm} -7.9804&~\hspace{-0.35cm} -8.3072&~\hspace{-0.35cm}-10.2176&~\hspace{-0.35cm}5.2590&~\hspace{-0.35cm}8.9751&~\hspace{-0.35cm}10.1781&~\hspace{-0.35cm} 10.5736&~\hspace{-0.35cm}6.8063\\
-8.4291&~\hspace{-0.35cm} -7.6584&~\hspace{-0.35cm}-11.9418&~\hspace{-0.35cm} -9.6828&~\hspace{-0.35cm}5.8915&~\hspace{-0.35cm}-13.4633&~\hspace{-0.35cm}5.4038&~\hspace{-0.35cm}-8.6362&~\hspace{-0.35cm} -6.9863&~\hspace{-0.35cm}2.4279&~\hspace{-0.35cm} 13.3336&~\hspace{-0.35cm} -5.4083&~\hspace{-0.35cm} -7.5638&~\hspace{-0.35cm} 14.5446&~\hspace{-0.35cm}-8.8237&~\hspace{-0.35cm}-12.0032&~\hspace{-0.35cm}5.3650\\
-12.3270&~\hspace{-0.35cm}-12.2031&~\hspace{-0.35cm}-12.8068&~\hspace{-0.35cm} -9.2027&~\hspace{-0.35cm} -9.3885&~\hspace{-0.35cm} -9.0684&~\hspace{-0.35cm}9.0929&~\hspace{-0.35cm}-7.1123&~\hspace{-0.35cm}9.4481&~\hspace{-0.35cm} -5.4506&~\hspace{-0.35cm}6.3676&~\hspace{-0.35cm} -9.1599&~\hspace{-0.35cm}-12.8053&~\hspace{-0.35cm}9.2458&~\hspace{-0.35cm}-8.0125&~\hspace{-0.35cm} -6.1773&~\hspace{-0.35cm} 13.3974\\
-9.6659&~\hspace{-0.35cm} 15.3640&~\hspace{-0.35cm}-13.9734&~\hspace{-0.35cm}6.9899&~\hspace{-0.35cm}4.7222&~\hspace{-0.35cm}5.4696&~\hspace{-0.35cm} 14.3904&~\hspace{-0.35cm} -11.2549&~\hspace{-0.35cm} -6.0906&~\hspace{-0.35cm} -9.7346&~\hspace{-0.35cm} 12.4527&~\hspace{-0.35cm}2.5185&~\hspace{-0.35cm}-13.2387&~\hspace{-0.35cm}9.3363&~\hspace{-0.35cm}6.8908&~\hspace{-0.35cm}-10.6965&~\hspace{-0.35cm}-14.7870\\
-5.4609&~\hspace{-0.35cm} 10.8529&~\hspace{-0.35cm} 13.8494&~\hspace{-0.35cm}-10.7641&~\hspace{-0.35cm}-10.1343&~\hspace{-0.35cm}-10.2411&~\hspace{-0.35cm} -9.9770&~\hspace{-0.35cm}-8.5818&~\hspace{-0.35cm}-11.0935&~\hspace{-0.35cm} -6.2853&~\hspace{-0.35cm} 12.3463&~\hspace{-0.35cm} 10.9261&~\hspace{-0.35cm} -5.0000&~\hspace{-0.35cm}-12.5048&~\hspace{-0.35cm}-13.8465&~\hspace{-0.35cm}-13.8446&~\hspace{-0.35cm}5.2973\\
11.1655&~\hspace{-0.35cm}9.2721&~\hspace{-0.35cm} 13.0075&~\hspace{-0.35cm}5.4630&~\hspace{-0.35cm}6.3264&~\hspace{-0.35cm}8.5477&~\hspace{-0.35cm} 14.9091&~\hspace{-0.35cm}5.6893&~\hspace{-0.35cm} -6.4973&~\hspace{-0.35cm}-11.6525&~\hspace{-0.35cm} 10.2761&~\hspace{-0.35cm}-12.2438&~\hspace{-0.35cm} -9.5432&~\hspace{-0.35cm} 11.1411&~\hspace{-0.35cm}-8.1779&~\hspace{-0.35cm}7.4435&~\hspace{-0.35cm} -9.3004\\
12.6606&~\hspace{-0.35cm}9.9368&~\hspace{-0.35cm}6.9555&~\hspace{-0.35cm}5.6278&~\hspace{-0.35cm} -8.4832&~\hspace{-0.35cm}-14.0843&~\hspace{-0.35cm}-13.8681&~\hspace{-0.35cm}7.6369&~\hspace{-0.35cm}6.2728&~\hspace{-0.35cm}7.7315&~\hspace{-0.35cm} 11.7637&~\hspace{-0.35cm} -7.2294&~\hspace{-0.35cm} 12.9922&~\hspace{-0.35cm} 14.1281&~\hspace{-0.35cm}6.0355&~\hspace{-0.35cm}-14.4663&~\hspace{-0.35cm} -5.2550\\
12.5201&~\hspace{-0.35cm}-10.5404&~\hspace{-0.35cm}6.8683&~\hspace{-0.35cm}-14.9129&~\hspace{-0.35cm}-11.6285&~\hspace{-0.35cm}9.1015&~\hspace{-0.35cm} -8.8600&~\hspace{-0.35cm}9.4842&~\hspace{-0.35cm}8.1038&~\hspace{-0.35cm} -5.5969&~\hspace{-0.35cm}-10.6923&~\hspace{-0.35cm} 11.4275&~\hspace{-0.35cm} -6.0300&~\hspace{-0.35cm}-11.5309&~\hspace{-0.35cm}-5.7729&~\hspace{-0.35cm}5.8944&~\hspace{-0.35cm} 11.8548\\
-7.4070&~\hspace{-0.35cm} -7.3573&~\hspace{-0.35cm}5.0572&~\hspace{-0.35cm} -9.0298&~\hspace{-0.35cm}-11.1163&~\hspace{-0.35cm} -9.7260&~\hspace{-0.35cm} 12.5483&~\hspace{-0.35cm} 12.0604&~\hspace{-0.35cm} 14.2528&~\hspace{-0.35cm} 10.1020&~\hspace{-0.35cm} -6.7964&~\hspace{-0.35cm} -9.4570&~\hspace{-0.35cm} 12.4761&~\hspace{-0.35cm} 13.2813&~\hspace{-0.35cm}-9.7015&~\hspace{-0.35cm} 10.5986&~\hspace{-0.35cm} 9.2720\\
\end{array}\vspace{-0.6cm}
$$
}
\end{table}

\twocolumn
\noindent
By contrast, the dynamic state-shifting algorithm provides a universal scheme for
embedding many dynamic relaxation processes in ECAM networks.
Second, the typical model of CAM networks requires preprocessors to encode input patterns in network structure.
For example, the Hebbian learning rule is used only for the construct of initial network structure but not for network evolution \cite{Principe}.
By contrast, the dynamic state-shifting algorithm converts temporal dynamic information (the circulating states)
into spatial evolving information (the regulatory couplings) inside network structure.
Here the Hebbian learning rule is used not only for the evolution of network structure
but also for the classification of training samples in neural network dynamics.
This reveals the difference between adaptive computations of ECAM networks and typical computations of CAM networks.
Third, based on the dynamic state-shifting algorithm,
the training of ECAM networks generates dynamic patterns responding to training samples.
The patterns form the pools of memory items which can be used to classify training samples.
With the classification of training samples, the trained ECAM networks
perform higher rates of pattern recognition for the pools of memory items.

\section{Conclusion}
We describe and quantify perturbations of control parameters
that govern state shifts between multiple circulating states of the dynamics of evolutionary neural networks.
This results in a technique, called the decirculation process, that measures the changes in network structure and in neural updating
for reinforcing neurons to tend to break the circulation of neuronal active states in a circulating path.

The presented technique leads to the dynamic state-shifting algorithm to construct ECAM networks and to generate patterns dynamically.
Its novelty rests on the universality of altering the structure of evolutionary neural networks with random and evolving connections,
and computing equilibria when an energy function is intractable or impossible to find in neural network dynamics.
Our experimental result shows that, with the dynamic regulation of the Hebbian learning rule,
the computing of equilibria can be accomplished by
converting temporal dynamic information (the circulating states)
into spatial evolving information (the regulatory couplings) inside network structure.
This provides a new insight into the study of pattern formation underlying the dynamic regulation of the Hebbian learning rule.

% if have a single appendix:
\appendix[Proof of Theorem \ref{th1}]
Suppose, by contradiction, that there exists an integer $k$ with
$0\leq k\leq \tau-p-q+1$ such that $x(T+k+r)= x^{\sigma_{r}(1)}$
for each $r=0,1,\ldots,p+q$. Denote by $T'=T+k$.
Then
\begin{equation}\label{eww1}
x(T'+p+t)=x^{\sigma_{p+t}(1)}=x^{\sigma_{t}(1)}=x(T'+t)
\end{equation}
for each $t=0,1,\ldots,q$.
Let
$$
\Lambda^{+}=\{t;~\0(x(t-q))\cap\1(x(t+1))\neq\emptyset,T'+q\leq t<T'+p+q\}
$$
and
$$
\Lambda^{-}=\{t;~\1(x(t-q))\cap\0(x(t+1))\neq\emptyset,T'+q\leq t<T'+p+q\}.
$$
Then $\Lambda^{+}\neq\emptyset$ and $\Lambda^{-}\neq\emptyset$.
Indeed, if $\Lambda^{+}=\emptyset$, then
\begin{equation}\label{eww2}
\1(x(t-q))\supset\1(x(t+1))
\end{equation}
for each $t=T'+q,T'+q+1,\ldots,T'+q+p-1$.
Let $r$ be the greatest common divisor of $q+1$ and $p$,
and $[u]$ denote the greatest integer less than or equal to $u$.
Combining (\ref{eww1}) with (\ref{eww2}) implies that for each $j=0,1,\ldots,r-1$
\begin{eqnarray}\label{eq12}
~\hspace{-0.5cm}&&~\hspace{-0.3cm}\1\left(x\left(T'+\left(\frac{j}{p}-\left[\frac{j}{p}\right]\right)p\right)\right)\nonumber\\[3pt]
~\hspace{-0.5cm}&\supset&~\hspace{-0.3cm}\1\left(x\left(T'+\left(\frac{j+(q+1)}{p}-\left[\frac{j+(q+1)}{p}\right]\right)p\right)\right)\nonumber\\[3pt]
~\hspace{-0.5cm}&\supset&~\hspace{-0.3cm}\cdots\\[3pt]
~\hspace{-0.5cm}&\supset&~\hspace{-0.3cm}\1\left(x\left(T'+\left(\frac{j+(q+1)p/r}{p}-\left[\frac{j+(q+1)p/r}{p}\right]\right)p\right)\right).\nonumber
\end{eqnarray}
Fix $j=0,1,\ldots,r-1$.
Since $r$ is a divisor of $q+1$, we have
$$
\frac{j}{p}-\left[\frac{j}{p}\right]=\frac{j+(q+1)p/r}{p}-\left[\frac{j+(q+1)p/r}{p}\right],
$$
and hence, by $($\ref{eq12}$)$, we have
\begin{eqnarray}
&&x\left(T'+\left(\frac{j}{p}-\left[\frac{j}{p}\right]\right)p\right)\nonumber\\[3pt]
&=&x\left(T'+\left(\frac{j+(q+1)}{p}-\left[\frac{j+(q+1)}{p}\right]\right)p\right)\label{le11}\\[3pt]
&=&\cdots\nonumber\\[3pt]
&=&x\left(T'+\left(\frac{j+(q+1)p/r}{p}-\left[\frac{j+(q+1)p/r}{p}\right]\right)p\right).\nonumber
\end{eqnarray}
Consider the map $\psi_{j}$ defined by
$$
\psi_{j}(h)=\frac{p}{r}\left(\frac{(q+1)h}{p}-\left[\frac{j+(q+1)h}{p}\right]\right)
$$
for each $h=0,1,\ldots,p/r-1$.
We claim that $\psi_{j}$ is a self-map on $\{0,1,\ldots,p/r-1\}$.
Since $r$ is the greatest common divisor of $q+1$ and $p$,
and
$$
(q+1)h<\left(\left[\frac{(q+1)h}{p}\right]+1\right)p,
$$
we have
$$
\left(\frac{q+1}{r}\right)h-\left(\left[\frac{(q+1)h}{p}\right]+1\right)\frac{p}{r}+1\leq0.
$$
This implies that
\begin{eqnarray*}
&&j+(q+1)h-\left(\left[\frac{(q+1)h}{p}\right]+1\right)p\\[3pt]
&<&r+(q+1)h-\left(\left[\frac{(q+1)h}{p}\right]+1\right)p\\[3pt]
&=&r\left(1+\left(\frac{q+1}{r}\right)h-\left(\left[\frac{(q+1)h}{p}\right]+1\right)\frac{p}{r}\right)\leq 0,
\end{eqnarray*}
and therefore
$$
\left[\frac{(q+1)h}{p}\right]\leq\frac{j+(q+1)h}{p}<\left[\frac{(q+1)h}{p}\right]+1.
$$
Thus for each $h=0,1,\ldots,p/r-1$, we have
\begin{eqnarray*}
\psi_{j}(h)&=&\frac{p}{r}\left(\frac{(q+1)h}{p}-\left[\frac{j+(q+1)h}{p}\right]\right)\\[3pt]
&=&\frac{p}{r}\left(\frac{(q+1)h}{p}-\left[\frac{(q+1)h}{p}\right]\right)\\[3pt]
&=&\frac{p}{r}\left(\frac{h(q+1)/r}{p/r}-\left[\frac{h(q+1)/r}{p/r}\right]\right)\\[3pt]
&\in&\{0,1,\ldots,p/r-1\}.
\end{eqnarray*}
This shows that $\psi_{j}$ is a self-map on $\{0,1,\ldots,p/r-1\}$.
Further, we claim that $\psi_{j}$ is injective, and hence bijective.
Assume, by contradiction, that there exist $h_{1},h_{2}\in\{0,1,\ldots,p/r-1\}$
such that $h_{1}\neq h_{2}$ and $\psi_{j}(h_{1})=\psi_{j}(h_{2})$.
Then
\begin{equation}
-p/r<h_{1}-h_{2}<p/r\label{eq14}
\end{equation}
and
\begin{eqnarray}\label{eq15}
&&\frac{(q+1)h_{1}}{p}-\left[\frac{j+(q+1)h_{1}}{p}\right]\nonumber\\[-1.5ex]\\[-1.5ex]
&=&\frac{(q+1)h_{2}}{p}-\left[\frac{j+(q+1)h_{2}}{p}\right].\nonumber
\end{eqnarray}
It follows from $(\ref{eq15})$ that
$$
\frac{(h_{1}-h_{2})(q+1)/r}{p/r}\in\mathbb{Z},
$$
and since $(q+1)/r$ and $p/r$ are relatively prime
and $h_{1}-h_{2}\neq 0$,
we see that $p/r$ should be a divisor of $h_{1}-h_{2}$,
which contradicts $(\ref{eq14})$.
This contradiction shows the bijection of $\psi_{j}$,
and hence for each $k=0,1,\ldots,p/r-1$ there exists exactly one $h$
in $\{0,1,\ldots,p/r-1\}$ such that
$$
kr=\left(\frac{(q+1)h}{p}-\left[\frac{j+(q+1)h}{p}\right]\right)p.
$$
So we have
\begin{eqnarray*}
&&\{T'+kr+j;~k=0,1,\ldots,p/r-1\}\\[3pt]
&=&\left\{T'+\left(\frac{j+(q+1)h}{p}-\left[\frac{j+(q+1)h}{p}\right]\right)p;\right.\\[3pt]
&&\left.~h=0,1,\ldots,p/r-1\right\},
\end{eqnarray*}
and it follows from (\ref{le11}) that
$x(T'+j)=x(T'+r+j)=\cdots=x(T'+(p/r-1)r+j).$
This implies that
\begin{equation}\label{eq16}
x^{\sigma_{j}(1)}=x^{\sigma_{r+j}(1)}=\cdots=x^{\sigma_{(p/r-1)r+j}(1)}.
\end{equation}
For each $k\in\Integer$, we can write $k=u(p/r)+v$, where $u,v\in\Integer$ with $0\leq v<p/r$,
so that
$\sigma_{kr+j}(1)=\sigma_{up+vr+j}(1)=\sigma_{up}(\sigma_{vr+j}(1))=\sigma_{vr+j}(1),$
and hence, together with $(\ref{eq16})$, we have
\begin{equation}\label{eq21}
x^{\sigma_{kr+j}(1)}=x^{\sigma_{vr+j}(1)}=x^{\sigma_{j}(1)}
\end{equation}
for each $k\in\Integer$ and $j=0,1,\ldots,r-1$.
Fix $l\in\{1,2,\ldots,p\}$.
We can rewrite
\begin{equation}\label{eq73}
l=\sigma_{\widetilde{k}r+\widetilde{j}}(1),
\end{equation}
where $\widetilde{k}\in\{0,1,\ldots,p/r-1\}$ and $\widetilde{j}\in\{0,1,\ldots,r-1\}$.
Then, by $(\ref{eq21})$ and $(\ref{eq73})$, we have
\begin{equation}\label{eq71}
x^{\sigma_{kr}(l)}=x^{\sigma_{kr}(\sigma_{\widetilde{k}r+\widetilde{j}}(1))}
=x^{\sigma_{(k+\widetilde{k})r+\widetilde{j}}(1)}
=x^{\sigma_{\widetilde{j}}(1)}
\end{equation}
and
\begin{equation}\label{eq72}
x^{l}=x^{\sigma_{\widetilde{k}r+\widetilde{j}}(1)}=x^{\sigma_{\widetilde{j}}(1)}
\end{equation}
for each $k\in\Integer$.
Combining $(\ref{eq71})$ and $(\ref{eq72})$ shows that
\begin{equation}\label{eq22}
x^{\sigma_{kr}(l)}=x^{l} ~\mbox{ for each } k\in\Integer \mbox{ and }l\in\{1,2,\ldots,p\}.
\end{equation}
Denote by $A=A(T)$ and $\alpha=\alpha_{T}$.
For each $l\in\{1,2,\ldots,p\}$,
since $q\equiv\alpha\mod p$, we have
\begin{eqnarray*}
\sigma_{1-q}(\sigma_{\alpha}(l))&\equiv&(1-q)+\alpha+l\\
&\equiv&\sigma_{1}(l)\mod p,
\end{eqnarray*}
and so is
\begin{eqnarray*}
\sigma_{1-q}(\sigma_{\alpha}(l))&\equiv&(1-q)+\alpha+l\\
&\equiv&(q+1)-\alpha+l\\
&\equiv&\sigma_{q+1}(\sigma_{\alpha}^{-1}(l))\mod p.
\end{eqnarray*}
This implies that
\begin{equation}\label{eq23}
x^{\sigma_{1}(l)}=x^{\sigma_{1-q}(\sigma_{\alpha}(l))}=x^{\sigma_{q+1}(\sigma_{\alpha}^{-1}(l))}
\end{equation}
for each $l\in\{1,2,\ldots,p\}$.
Since $\sigma_{\alpha}^{-1}(l)\in\{1,2,\ldots,p\}$ and $r$ is a divisor of $q+1$,
it follows from $(\ref{eq22})$ that
\begin{equation}\label{eq24}
x^{\sigma_{q+1}(\sigma_{\alpha}^{-1}(l))}=x^{\sigma_{((q+1)/r)r}(\sigma_{\alpha}^{-1}(l))}
=x^{\sigma_{\alpha}^{-1}(l)}.
\end{equation}
Combining $(\ref{eq23})$ and $(\ref{eq24})$ shows that
$x^{\sigma_{\alpha}^{-1}(l)}=x^{\sigma_{1}(l)}$ for each $l\in\{1,2,\ldots,p\}$,
contradicting the hypothesis that $(A,\alpha)\in\Theta(\Omega)$ described in Phase 2 of the decirculation process.
Thus $\Lambda^{+}$ is a nonempty set, and so is $\Lambda^{-}$.
Further, armed with the $q$-screen updating of $x(t)$, we have
\begin{eqnarray}\label{eq74}
~\hspace{-0.5cm}&&~\hspace{-0.3cm}\0(x(t-q))\cap\1(x(t+1))\nonumber\\
~\hspace{-0.5cm}&=&~\hspace{-0.3cm}\{\0(x(t-q))\cap\0(x(t))\cap\1(x(t+1))\}\\
~\hspace{-0.5cm}&&~\hspace{-0.3cm}\cup\{\0(x(t-q))\cap\1(x(t))\cap\1(x(t+1))\}\nonumber\\
~\hspace{-0.5cm}&\subset&~\hspace{-0.3cm}\{\0(x(t-q))\cap s(t)\}\cup\{s(t)\cap\1(x(t+1))\}\nonumber\\
~\hspace{-0.5cm}&\subset&~\hspace{-0.3cm}s(t)~\mbox{ for each } t=T'+q,T'+q+1,\ldots,T'+q+p-1\nonumber
\end{eqnarray}
and
\begin{eqnarray}\label{eq75}
~\hspace{-0.5cm}&&~\hspace{-0.3cm}\1(x(t-q))\cap\0(x(t+1))\nonumber\\
~\hspace{-0.5cm}&=&~\hspace{-0.3cm}\{\1(x(t-q))\cap\0(x(t))\cap\0(x(t+1))\}\\
~\hspace{-0.5cm}&&~\hspace{-0.3cm}\cup\{\1(x(t-q))\cap\1(x(t))\cap\0(x(t+1))\}\nonumber\\
~\hspace{-0.5cm}&\subset&~\hspace{-0.3cm}\{s(t)\cap\0(x(t+1))\}\cup\{\1(x(t-q))\cap s(t)\}\nonumber\\
~\hspace{-0.5cm}&\subset&~\hspace{-0.3cm}s(t)~\mbox{ for each } t=T'+q,T'+q+1,\ldots,T'+q+p-1.\nonumber
\end{eqnarray}
Combining $(\ref{eq74})$ and $(\ref{eq75})$ with
$$
A(t)=A~\mbox{ for each }t=T'+q,T'+q+1\ldots,T'+q+p-1
$$
and the nonemptiness of $\Lambda^{+}$ and $\Lambda^{-}$, we see that
\begin{eqnarray}\label{eq25}
&&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\0(x(t-q))\cap\1(x(t+1)))\nonumber\\[-1.5ex]\\[-1.5ex]
&\geq&\sum_{t\in\Lambda^{+}}\sum_{j\in\0(x(t-q))\cap\1(x(t+1))}b_{j}\nonumber
\end{eqnarray}
and
\begin{eqnarray}\label{eq26}
&&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t-q))\cap\0(x(t+1)))\nonumber\\[-1.5ex]\\[-1.5ex]
&<&\sum_{t\in\Lambda^{-}}\sum_{j\in\1(x(t-q))\cap\0(x(t+1))}b_{j}.\nonumber
\end{eqnarray}
Since
\begin{eqnarray*}
&&\sum_{t\in\Lambda^{+}}\sum_{j\in\0(x(t-q))\cap\1(x(t+1))}b_{j}\\
&&-\sum_{t\in\Lambda^{-}}\sum_{j\in\1(x(t-q))\cap\0(x(t+1))}b_{j}\\
&=&\ds\sum_{T'+q\leq t<T'+q+p}\langle x(t+1)-x(t-q),b\rangle\\[3pt]
&=&0 \hspace{0.3cm}\mbox{ by (\ref{eww1})},
\end{eqnarray*}
$(\ref{eq25})$ and $(\ref{eq26})$ imply that
\begin{eqnarray}\label{eq31}
~\hspace{-0.4cm}&&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t-q)))\nonumber\\
~\hspace{-0.4cm}&&-\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t+1)))\\
~\hspace{-0.4cm}&=&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t-q))\cap\0(x(t+1)))\nonumber\\
~\hspace{-0.4cm}&&-\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\0(x(t-q))\cap\1(x(t+1)))\nonumber\\[3pt]
~\hspace{-0.4cm}&<&0.\nonumber
\end{eqnarray}
Furthermore, since $q\equiv \alpha\mod p$ and $\{1,2,\ldots,p\}=\{\sigma_{k}(1);$ $k=0,1,\ldots,p-1\}$, we have
\begin{eqnarray}\label{eq27}
&&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t-q)))\nonumber\\
&=&\sum_{T'\leq t<T'+p}\ell_{A}(\1(x(t+q)),\1(x(t)))\nonumber\\
&=&\sum_{0\leq k<p}\ell_{A}(\1(x^{\sigma_{q+k}(1)}),\1(x^{\sigma_{k}(1)}))\\
&=&\sum_{0\leq k<p}\ell_{A}(\1(x^{\sigma_{\alpha}(\sigma_{k}(1))}),\1(x^{\sigma_{k}(1)}))\nonumber\\
&=&\sum_{1\leq j\leq p}\ell_{A}(\1(x^{\sigma_{\alpha}(j)}),\1(x^{j})).\nonumber
\end{eqnarray}
On the other hand, by $(\ref{eww1})$, we have
\begin{eqnarray}\label{eq33}
&&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t+1)))\nonumber\\
&=&\sum_{T'\leq t<T'+p}\ell_{A}(\1(x(t)),\1(x(t+1)))\nonumber\\
&=&\sum_{0\leq k<p}\ell_{A}(\1(x^{\sigma_{k}(1)}),\1(x^{\sigma_{1}(\sigma_{k}(1))}))\\
&=&\sum_{1\leq j\leq p}\ell_{A}(\1(x^{j}),\1(x^{\sigma_{1}(j)})).\nonumber
\end{eqnarray}
Combining $(\ref{eq31})$ and $(\ref{eq33})$ shows that
\begin{eqnarray*}
&&\mathcal{F}^{into}(G^{\Omega}_{\alpha}(A))-\mathcal{F}^{out}(G^{\Omega}_{\alpha}(A))\\
&=&\sum_{1\leq j\leq p}\ell_{A}(\1(x^{\sigma_{\alpha}(j)}),\1(x^{j}))\\
&&-\sum_{1\leq j\leq p}\ell_{A}(\1(x^{j}),\1(x^{\sigma_{1}(j)}))\\
&=&\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t-q)))\\
&&-\sum_{T'+q\leq t<T'+q+p}\ell_{A}(\1(x(t)),\1(x(t+1)))<0,
\end{eqnarray*}
contradicting the hypothesis that $(A,\alpha)\in\Theta(\Omega)$, and that completes the proof.
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