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Abstract
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1. Introduction

Let X be a non-empty set. P(X) denotes the power set of X and | X | the
cadindity of X . Let A" denote the standard n-simplex (e,...e ) in R™,
where e isthe ith unit vector in R™ for i=12,..n+1. Let X, Y be two
topological spaces, F: X — P(Y) be a set-vaued mappings for a set X into
P(Y). Let F':Y - P(X) be defined by xe F(y) if and only if yeF(x).
For AcY, we denote F ' (A)={xeX:F(X)nA=Z}. If f:X Y isan
upper semi-continuous function such that f(x) < F(x), we said that f(x) isa
upper semi-continuous selection of F(x). The continuous selection results were
first introduced by E. Michael[12] in 1956 with single-valued case. Recently, many
authors discussed this property on many different spaces such as Hausdorff
topological vector spaces (e.g.[1],[4].[7].[17]), H -spaces (e.q.[2],[3].[5].[6]), and
G -convex spaces(e.q.[14],[15],[18]). The purpose of this paper is to establish upper
semi-continuous sel ection theorems on the pseudo spaces. As applications, we derive
the fixed point theorems of a collective set-valued mappings with new convex
conceptions. We aso derive coincidence theorems by using our new continuous
selection results.

2. Preliminaries

Throughout this paper, al topologica spaces in this paper are assumed to be
Hausdorff. A triple (X,D,{q,}) is said to be a pseudo spaces if X is a
topological space, D be anonempty set and for each nonempty finite subset A of
D , there is a corresponding mapping g, :A"* —>P(X) is an upper
semi-continuous mapping with nonempty compact values such that the following
two conditions hold: (1) there is an upper semi-continuous mapping
gg t AP
g,on AP foral @#Bc A and(2) thereisan upper semi-continuous mapping

— P(X) with nonempty compact values such that ¢, is arestriction of

e : A" — P(X) with nonempty compact values such that g, is arestriction of
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g. on A% fordl AcCcD.
If D=X, thetriple (X,D,{q,}) can be written by (X,{q,}). An example

of thepseudo H -spaceisgiven asfollows.

Example 2.1. For any given G -convex space (X,D,I'). Let Y be atopological
gpaceand F: X — P(Y) be upper semi-continuous with nonempty compact values.
Then for each nonempty finite subset A of D, there is a continuous function
p A>T, . Define q,0Fop,:A**—>P(Y) . Then q is upper
semi-continuous with nonempty compact values. Therefore, (Y,D,{q,}) forms a

pseudo space.

A subset C of X issad to be pseudo convex if for each nonempty finite subset
A of CnD,thereisa q,: A" — P(X),suchtha q,(A**)cC.

Let (X,D,{q,}) beapseudo spaces, P be a nonempty finite subset of X and
QND=#Y ,wesaythat P ispseudo convex relative to Q if for each nonempty
finitesubst A of QN D,thereisa q,: A" — P(X),suchthat q,(A**)cP.
We note that if QD isnon-empty and P ispseudo H -convex reaiveto Q,
then P isautomaticaly non-empty. In this convex sense, we don’'t know whether
thesetson X, D arepseudo convex or not. Actually, we need not to discuss them

in our context.

For topological spaces X, Ac X, int, A denote the relative interior of A in
X, we shal denote int, A by intA. A is said to be compactly open if for any
compactset K in X, AnK isopenin K. For topological spaces X and Y,
aset-valuedmap F: X — P(Y) iscdled

(1) compactif F(X) iscompactin Y ,where B denotestheclosureof aset B.
(2) transfer open[16] if for every xe X and y e F(x) implies that there exists a
point xX'e X suchthat yeint F(x).

Thenotation F |, meansthat F isrestrictedto K.
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Lemma 2.1.[16] Let X and Y be two topological spaces. Then F: X — P(Y)
is transfer open if and only if {F(x):x e X} ={intF(x): xe X} .

3. Upper Semi-continuous Selection Results

Now, we establish the following upper semi-continuous selection theorem which is
the main result of this paper.

Theorem 3.1. Let X be a paracompact topological space, the triple (Y,D,{q,})
be a pseudo space, T:X > P(Y), S:X - P(D) be two set-valued mappings
satisfying the following conditions:

0] foreach xe X, T(x) ispseudo convex relativeto (intS™)*(x);
and

(i) there exists a nonempty finite subset M of D with |M|=n+1 for

some ne N ,such that
X =, ,intS7(y).

Then there exist a nonempty subset B(x)c M for each xe X, a continuous
function w:X >A" and a mapping q, AV —>P(Y) such that
0y (AP cT(x) forall xeX and f=q, oy isan upper semi-continuous

selectionof T .

Proof. By using the paracompactnessof X and the conditions (i)-(ii), we can
deduce the conclusion of the theorem from the definition of pseudo space.

Remarks:

(1) It is clear that if T(x) is pseudo convex relative to S(x) for each
xe X , then T(x) is pseudo convex reative to (intS")"*(x) if
(intS™M)(x) =@ foreach xe X.

(2) The condition (ii) of Theorem 3.1 is satisfied if the following conditions
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hold:
@ X =u,,intS™(y);and
(b) there is a nonempty compact subset K of X such that

X, Kcu,,intS™*(y) for some nonempty finite subset M of

9

yeM

D.

The following corollary follows immediately from Theorem 3.1.

Corollary 3.2. Let X be a compact space, the triple (Y,D,{q,}) be a pseudo
space, S: X > P(D) and T:X — P(Y) be two set-valued mappings satisfying
the following conditions:

(i) for each xe X, T(x) is pseudo convex relative to (intS™*)™*(x);

and
@) X =uyeDintS‘1(y).

Then there exist a nonempty subset A of D with |A|=n+1 forsome neN,a
nonempty subset B(x) of A foreach xe X, acontinuous function : X — A"
such that q,(A®®™")cT(x) for all xeX and f=q,op is an upper

semi-continuous selection of T .

Corollary 3.3. Let X be a paracompact topological space, Y be a topological
vector space, D be a nonempty subset of Y and T:X —P(Y) and

S: X — P(D) be two set-valued mappings satisfying the following conditions:
(i) foreach xe X, co((intS™)™*(x)) = T(x);
(i) X = AintS™(y): y e M} for some nonempty finite subset M of D
with |M |=n+1 forsome neN.

Then there exist a nonempty subset B(x) of M for each xe X, continuous

functions y: X > A" and a linear continuous function q,, : A" —Y such that
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co(B(x))cT(x) for all xeX and f=q, oy is an upper semi-continuous
selectionof T .

Proof. Let M ={a,,a,,...a,,,} , define a linear function q by q,(e)={a} for
each ie{12..,n+1, then q,(A"") =co(A) foreach nonempty finite subset A
of M and q,, :A" — P(Y) isan upper semi-continuous mapping with nonempty
compact values. Then Corollary 3.3 follows from Theorem 3.1.

Theorem 3.4. Let X be a topological space, the triple (Y,D,{q,}) be a pseudo
space, T:X - P(Y) and S:X — P(D). Suppose that S™*:D — P(X) has
transfer open or S (y) compactly open for all yeD. Let F:Y - P(X) be
compact set-valued maps satisfying the following conditions:
(i) foreach xeF(Y), T(x) ispseudo convex relativeto (intS™)*(x);
(i) F(Y)=S™D).
Then there exist a nonempty finite subset A of D with |A|=n+1 for some
ne N, a nonempty subset B(x) of A for each xe X, a continuous function
w:F(Y)— A" such that q,(AP®™) cT(x) for all xeF(Y) and f =q,op

Is an upper semi-continuous selection of T .

Proof. Since F iscompact, F(Y) iscompact. Let K =F(Y). Then
K=(AS7(y): ye D} K.
If S™ istransfer open. Then, by Lemma2.1,
AS(y):yeD}=AintS™(y): y e D}.
Therefore
K={intS(y):ye D} nK =fint, S™*(y): y e D}.
If S™(y) iscompactly openforeach yeD.Then S (y)nK isopenin K.
Hence
S(y)AK =int, (S(y) A K) =int, S (y).
Inany case, K = fint, (S7'(y)):y e D}. Following the same argument as
Theorem 3.1, we prove Theorem 3.4.
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4. Applications to Fixed Point Theorems

As applications of the results of upper semi-continuous selections, we have the
following fixed point theorems.

Theorem 4.1. Let (X,D.{q,}) be a pseudo space with g, have acyclic values in

X, the mappings S: X — P(D), T:X — P(X) satisfy the following conditions:
(i) foreach xe X, T(x) ispseudo convex relativeto (intS™)™(x); and
(i) there exists a nonempty finite subset M of D with |[M|=n+1 of D

forsome ne N ,suchthat X =u,_,intS7(y).

Then there existsan X € X suchthat X e T(X).

Proof. It follows from Theorem 3.1 that there exist nonempty finite subset
B(x) = M, and a continuous function  : X — A" such that q,, (A®“™) = T(x)
forall xe X and f =q, oy isan upper semi-continuous selection of T . Since
wo(q, A" > A", it follows from Lefschetz-type fixed point theorem for
composites of acyclic maps that there exists an T e A" such that Tewoq,, (T).
Let Xeq, () with U=w(X) ,then Xe X and Xeq, cw(X)=f(X)cT(X)

and the conclusion follows.

Theorem 4.2. Let | be a finite index set, {(X;,D;,{d,})},,, be any family of pseudo

iel
spaces with g, has acyclic values for iel . Let X =1_LEI X, be equipped with

product topology. For each iel, let T,: X - P(X,) and S,: X — P(D,) be
set-valued maps satisfying the following conditions:
(i) foreach xe X, T,(x) ispseudo convex relative to (intS;")™*(x);
(i) there exists a compact subset K of X such that for each ie1 and each
nonempty finite subset M, of D, with |M,|=n,+1 for some n eN,
there exists a compact pseudo convex subset L, of X; containing M;
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suchthat X, K cints7*(L, nD,);and

(iii) K=u,_ (intS;*(y,) " K).

y;ieh

Then for each iel, there exist M;, a compact pseudo convex subset L,,
containing M, , a finite subset A of L, nD; with |[A|=n+1 for some

neN , and a finite subset B/(x) of A for each xeIl,L, ,

iel

vi: ][], Ly, = A" such that g, (A*®™)cT,(x) for each xe[]. Ly and

f, = dy oV, is an upper semi-continuous selection of T, |H

o L

Proof. By (iii), for each i€ |, there existsanonempty finitesubset M, of D,
suchthat equation K < {intS*(y,) : y, € M,}. By (ii), there exists a compact
pseudo convex subset L, < X; containing M; suchthat

X, KcAints7(y):y, €L, NnD}.

Lee M=]]._ M, and L, =]]. Ly -Then L, isacompactsubsetof X .By
(1) and (2),

Ly =Aint, S7(y)):y, €L, ND}.
It is obvious that (L, ,D;,nL, .{d,}) forms a pseudo space. From (i), for each
xely, T,(x) ispseudo convex relaiveto (int, S;*)™(x). By Corollary 3.2, for

each iel, there is a nonempty finite subset A of D,nL, with [A|=n+1
for some neN, B(X)cA, w,:L, >A" and g (A" T (x) for al
xely and f =0 0y, isanupper semi-continuousselectionof T, |_ .
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Remark: The condition (iii) of Theorem 4.2 issatisfiedif X =u,_ _, intS™*(y,).

yiehy

As a consequence of Theorem 4.2, we have the following collective fixed point
theorem.

Theorem 4.3. Let I be a finite index set, {(X;,D;,{d,})},, be any family of pseudo

iel
spaces with ¢, has acyclic values for iel. Let X :1_[iel X. be equipped with

product topology. For each iel, let T,: X - P(X;) and S,: X — P(D;) be
set-valued maps satisfying the following conditions:
(i) foreach xe X, T/(x) ispseudo convex relative to (intS;™)™(x);
(i) there exists a compact subset K of X such that for each iel and
each M, is a nonempty finite subset of D,, there exists a compact
pseudo convex subset L, of X; containing M, such that for each

iel, X, Kcints/*(L, nD,);and

(iii) K =u, o (intS;*(y,) NK).

Then there exists X =(x;),., € X suchthat x;eT,(X) forall iel.

Proof. It follows from Theorem 4.2 that for each i€ |, there exists a nonempty
finite subset M; of D,, a compact pseudo convex subset L, containing M;, a
finite subset A of L, nD, with |[Af=n+1 for some n,eN and a finite
subset B (x)cA for each xell,

iel

Ly, . continuous functions

W, L,, — A" such that g, (A*™™)cT(x) and f =q, o, is an upper

iel

semi-continuous selection of T |H . For each iel, let E Dbe the finite

o L

dimensiona vector space containing A" . Let C:I_[ieI A".Then C isacompact
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convex subset of the localy convex Hausdorff topologica vector space

E=]]._E . Let q,:C—>]]. L, be defined by q,(z)=(q,(z)). for

zeC , where z, is the i th proection of z and A:HidA . Let

v:]]. L »C bedefinedby y(x)=(y(x),, for xe[]._ Ly

Snce yoq,:C—>C is upper semi-continuous with acyclic vaues, by
Lefschetz-type fixed point theorem that there existss TeC such that
Ueyeoq,(m).

Let Xeq,(T) with T=y(X).Then Xe[], Ly, =X and

Xeq,(U)=0,op(X).Let X=(Xi), - Then X;e0, oy;(X). Therefore,
X €0, oy (X) = T(X) foral iel.

Remark: In Theorem 4.3, | can be any index set if g, is assumed to have
convex values instead of acyclic values. Theorem 4.3 is also a pseudo space version
of partia results of Theorem 1[10], it aso dight generalized Theorem 1[1] with
much ssimple proof. For the particular cases of Theorem 4.3, we have the following
theorem.

Theorem 4.4. Let | be a finite index set, { X,},., be any family of topological vector

iel
spaces. Let X =1_[iel X, be equipped with product topology. For each iel, let

T.: X > P(X,) and S,: X — P(X,) be set-valued maps satisfying the following
conditions:
(i) forevery xe X and iel, co((intSH)*(x)) = T.(x);
(i) there exists a compact subset K of X such that for each i<, there
exists a nonempty compact convex subset L, of X. such that for each
xe X, K and iel,thereexistsa y, €L, suchthat xeintS *(y,); and
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(i) K =u, . (intS;*(y) NK).

Then there exists X =(x;),., € X suchthat x;eT,(X) forall iel.

Proof. Fixed any i< | . From (iii), there is a nonempty finite subset M, < X, such

that Kcu,,, intS?(y) . By (i), X, Kcu, intS7(y;) . Then

X=0y, intS;*(y;), where Ly, =co(L; WM,) is a nonempty compact convex

subset of X.. Let L, =1_[iel Ly, , then L, isasoanonempty compact convex
subset of X . Hence there is a nonempty subset N; of L, such that

Ly =L, int, S7'(y,). By taking X =K =L, and D =N, ={a.a_,..a }.

L PR

Define a linear function g, : A" — L, with qi(ej):{aij} for j=12..,n +1.

Then (L, ,D;.{d,}) form apseudo space and we can easy deduce the conclusion

of Theorem 4.4 from Theorem 4.3.

Remark: In Theorem 4.4 if condition (i) and (iii) are replaced by (i) and (i ),
where
(i) forevery xeX and iel,coS;(x)=T(x);and

(i) X=U,, int S;7(y).

Then Theorem 4.4 isreduced to Theorem 1[1].

5. Applications to Coincidence Theorems

As applications of our upper semi-continuous selection theorems, we discuss the
following coincidence theorems.
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Theorem 5.1. Let X be a paracompact topological space, the triple (Y,D,{q,})
be a pseudo space. Let F eU(Y,X)[13] and K be a compact subset of X,
T:X—>P(Y) and S: X —» P(D) be set-valued maps satisfying the following
conditions:

(i) foreach xe X, T(X) ispseudo convex relative to (intS™)™(x);

(i) there exists a finite subset M of D such that

X =AintS7'(y): y e M}.

Thenthereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Proof. Let |[M |=n+1 for some ne N. It follows from Theorem 3.1, there exist
B(x)cM for each xe X , continuous function w:X — A" such tha
gy (AP cT(x) for dl xeX and f=q, oy isan upper semi-continuous
sdlection of T. Let G=woFoq, . Then GeUS(A",A") . It follows from
Corollary 2[9] that there existsapoint U e A" suchthat UeG(U)=w-F oq,, (U).
Let yeq, (@) with TewoF(y) ad XeF(y) with U=w(X) . Then
Y €0y (@ =0y 2w (X) = T(X).

Theorem 5.2. Let X be a topological space, the triple (Y,D,{q,}) be a pseudo
space. T:X - P(Y) and S:X —P(D). Suppose that S™*:D —P(X) is
transfer open or S~'(y) is compactly open for all yeD. FeUX(Y,X) is a
compact set-valued map satisfied the following conditions:

(i) foreach xeF(Y), T(x) ispseudo convex relativeto (intS™)™(x);
and

(i) F(Y)c=SXD).
Then thereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Proof. Applying Theorem 3.5 and following the same arguments as in Theorem 5.1,
we prove Theorem 5.2.

Corollary 5.3. Let X be a topological space, (Y,D) be a convex space.
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T:X >P(Y) and S:X — P(D). Suppose that S™':D— P(X) is transfer
open or S7'(y) is compactly open for all yeD. Let FeU!(Y,X) be a
compact set-valued map satisfied the following conditions:

(i) foreach xeF(Y), co((intS™)™(x)) = T(x); and

(i) F(Y)cS™(D).
Then thereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Proof. It is clear that the conclusion of Corollary 5.3 follows from Theorem 5.2.

Remark: Corollary 5.3 improves Theorem 2[13].
We denote that A.(Q2,E) is the family of composites of acyclic maps from Q to

—
—
—_—

Theorem 5.4. Let X be a paracompact topological space, the triple (Y,D,{q,})
be a pseudo space with g, have acyclic values in Y. Let F:Y — P(X) be an
acyclic mapping and K be a compact subset of X , T:X —>P(Y) and
S: X — P(D) be set-valued maps satisfying the following conditions:

(i) foreach xe X, T(X) ispseudo convex relative to (intS™)*(x) ; and

@)y X :uyeMintS’l(y) for some nonempty finite subset M of D.

Then thereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Proof. Let |[M |=n+1 for some ne N. It follows from Theorem 3.1, there exist
B(x)cM for each xe X , continuous function w:X — A" such tha
gy (AP cT(x) for dl xeX and f=q, oy isan upper semi-continuous
selection of T. Let G=woFoq, . Then Ge A (A",A") . It follows from
L ef schetz-type fixed point theorem for composites of acyclic maps that there exists a
point TeA" such thaa UTeG@U)=woFoq,(U) . Let yeq, (@) with
UeyoF(y) and X e F(Y) with u=w(X) . Then
Y €0, (@ =0y oy (X) < T(X).
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Theorem 5.5. Let X be a topological space, the triple (Y,D,{q,}) be a pseudo
space. T:X ->P(Y) and S:X — P(D). Suppose that S™*:D—P(X) is
transfer open or S~*(y) is compactly open for all yeD. FeA(Y,X) is a
compact set-valued map satisfied the following conditions:

(i) for each xeF(Y), T(x) is pseudo convex relative to (intS™)™*(x);
and

i) F(Y)=S™YD).
Then thereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Proof. It following the same arguments as in Theorem 5.4, we prove Theorem 5.5.

The following result can be derived easily by using the technique of Theorem 4.4
and Theorem 5.5.

Corollary 5.6. Let X be a topological space, (Y,D) be a convex space.
T:X —>P(Y) and S:X - P(D). Suppose that S™':D— P(X) is transfer
openor S7'(y) iscompactly openforall yeD.Let FeA(Y,X) beacompact
set-valued map satisfied the following conditions:

(i) foreach xe F(Y) and A is a nonempty finite subset of (intS™")™*(x),

co(A)cT(x); and

(i)F(Y) = SYD).

Thenthereexist Xe X and yeY suchthat Xe F(y) and yeT(X).

Remark: Corollary 5.6 improves Theorem 2[13].
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