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Abstract

In this paper, we shall discuss the intersection theorems on G-convex spa
ce for new SKKM maps. We aso establish the Ky Fan type matching theor
ems. As applications, we discuss the existence results of fixed points for suc

h maps.
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1. Introduction and Preliminaries

A set-valued map F: X — 2" is a mapping from a set X into the power set 2" of Y,

that 1s, a mapping with the values Fx)cY for each x in X. For AcX, F(A) =

A F(x). For any B Y, the inverse of B under F is defined by F'(B)={x e X :

Fx)MB# ¢ }. The inverse of F : X = 2" isthe map F' : Y — 2° defined by
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xeF'(y)ifandonly ify € Fx).GiventwomapsF: X — 2'andG:Y — 2 the
composite GF : X — 2% is defined by (GF)(x) = GFx)) forall x € X.

In a vector space E, a convex hull of 1ts finite subset will be called a polytope. For
topological spaces X, A subset W of X 1s called compactly closed ( compactly open,

resp.) 1if, for any compact set K< X, WK 1s closed (open, resp.) in K.

A convex space [3] X 1S a nonempty convex set (in a vector space) with any topology
that induces the Euclidean topology on the convex hulls of its finite sets. We shall denote
by <X> the family of all non-empty finite subsets of a set X. If X is a subset of a vector
space, co(X) denotes the convex hull of X. For a set A, let Al denote the cardinality of A.
Let A" denote the standard n-simplex cofes, . . ., e}, where e is the (i+1)" unit vector in
R™.

A generalized convex space or G-convex space (X, D; I') [4] consists of a
topological space X, a non-empty subset Dof X and amap I' : <D > — 2" with
non-empty values such that
(D) foreachA,B € <D> A < B implies T'(A) < I'(B); and
(2) for each A € < D > with IAl = n+1, there exists a continuous function @a; A’

— T'(A)suchthat] € <A >implies @A™ < T'(J), where A™ denotes

the face of A" correspondingto] € <A >.

We may write I'(A) = s, foreach A € <D >. If X=D, then we may write (X,
X; I')=(X, I'). For a G-convex space (X, D; I'), a subset C of X 1s said to be
G-convex if foreachA € <D> A < Cimplies I'n < C.

Let P and Q be two non-empty sets in a G-convex space (X, D; I'), we say that P 13
G-convex relative to Q if foreach A € <D>with A < Q,wehave I'x < P. We

note that if Q 1s non-empty and P 1s G-convex relative to Q, then P 1s automatically
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non-empty.

Let X be a nonempty set, (Y; I') be a G-convex space. The mapping T: X
— 2" is a generalized S-KKM map [2] if for each N € < X >, G-co(S(N))
c T(N). The mapping T: X — 2" is a generalized G-KKM map [5] if for eac
h N € < X >, there 1s a function s: X— Y such that G-co(s(N)) < T(N).

Now, we begin to define some new set-valued mappings as follows.

Definition 1. Let X be a nonempty set, (Y, D; T') be a G-convex space, S: X — 2°
with nonempty values, T: X — 2, We said that T is a new S-KKM map if and only if
foreachN € <X >, T(N)is G-convex relative to S(N).

Definition 2. Let X be a nonempty set, (Y, D; I') be a G-convex space, T: X — 2.
We said that T 1s a new G-KKM map if and only if for each N € < X >, there 1s a
functionf: N — Dsuchthat Timw < TM) foralM € <N>.

From the definition, T 1s a generalized G-KKM map = T 1s a generalized S-KKM
map = T i1s anew S-KKM map = T 1s a new G-KKM map. But converse 1s not

true in general. The following proposition will explain why the last implication hold.

Proposition 1. Let X be a nonempty set, (Y, D; T') be a G-convex space, S: X — 2"
with nonempty values, T : X — 2. If T is a new S-KKM map, then T is a new
G-KKM map.

Proof. ForeachN € <X > Foranyx € N, wechooseayx € S(x)and define f:
N — Dby f(x)=y:forall x € N.Thenf(N) € < S(NN)>. Since T 1s a new S-KKM
map, ['iw < T(N). Hence T 1s a new G-KKM map.
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Definition 3. (Y, D; I') be a G-convex space and L < Y, L is said to be I -finite
closedif foreachA € <D> L m T'aisclosedin I'a.

2. The Intersection Theorems

We first state the relation between the finite intersection property and the new
G-KKM maps.

Proposition 2. Let X be a nonempty set, (Y, D; T') be a G-convex space, T: X — 2F
anew G-KKM map with I -finite closed values. Then the family { T(x) : x € X } has

the finite intersection property.

Proof. Let N € < X >, since T is an new G-KKM map, there is a function f: N— D
such that I'nw < T(N). Let L=I"wv. Then there exists a continuous function ¢:
A™" = T, such that, for all M < N, @ (A™") ¢ T'w <TM) N L. Hence
A o (TM) m L= U,y ¢ (Tx) n L). Note that each T(x) N L is
closed in L by assumption, so ¢ (T(x) n L) is closed in A™", By the classical
KKM theorem, we have N,y @ (Tx) N L) #¢ and N, (T&) N L) # 4.
Hence the family {T(x) : x € X } has the finite intersection property.

Proposition 3. Let X be a nonempty set, (Y; T') be a G-convex space with T (y={ y }
foreachy € Y, T:X — 2" If the family {T(x) : x € X } has the finite intersection
property, then T 1s a new G-KKM map.

Proof. Suppose that the family { T(x) : x € X } has the finite intersection property.
Then, for each N € < X >, we may choose y* € M, _y Tx. Define f: N — Y by
fx)=y* for all x € N. Then I'm = 'y = {y*} < N,y T < TN).
Therefore, T 1s a new G-KKM map.
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Theorem 1. Let X be a nonempty set, (Y, D; I') be a G-convex space such that, for

each A € <D >, I'xis compact. Suppose that T : X — 2" with compactly closed

values and suppose that there existsaL. € < X >suchthat M, _, T(z) is compact.

(D) If T is anew G-KKM map, then m, _y T(x) # ¢.

QI N,y Tx) #¢ and I {y}={y} for each y € Y, then T is a new G-KKM
map.

Proof. (1) Since T(x) is compactly closed, T(x) has I -finite closed values. If T is a new

G-KKM map, by Proposition 2, the family { T(x) : x € X } has the finite intersection

property. Then the family { T&x) n (", T(z) : x € X } also has the finite

intersection property. Since M, ., T(z) 1s compact and T(x) N (", T(2)) is closed

in N, T@),wehave N,y T) > N,x Tx) N(",  T@)) #¢.

(2) Suppose that N, . T(X) # ¢, then the family { T(x) : x € X } has the finite

mtersection property. Since I' {y}={y}, by Proposition 3, T 1s a new G-KKM map.

Next, we shall discuss the global intersection property for the new S-KKM map.

Theorem 2. Let X be a nonempty set, (Y, D; T') be a G-convex space, T: X — 2,
S:X— 2° Suppose that

(D foreachx € X, T(x) s compactly closed in Y,

(2) T 18 a new S-KKM map,

(3) clv(S(X)) 18 a compact G-convex set.

Then c(SX)) N (N, x TX) # ¢.

Proof. Since T is a new S-KKM map, foreach N € <X >andeach A € <SNN) >,
we have I'x < T(N). Since clv (S(X)) is a G-convex set and I's ccly (SX)), I'a
c cv SX) N TN)= U,y Tx) N cv X)) =U , .y F&=FN), where
FX)=Tx) m clv (SX)). Hence F 1s also a new S-KKM map. By the compact
closedness of T(x) and the compactness of cly (S(X)), F(x) 1s closed, hence 1s I -finite
closed. By Proposition 2, { Fx) : x € X } 1s a family of I -finite closed sets with

finite intersection property. Since cIv(S(X)) is compact, M, .y FX)# ¢ . Therefore, clv
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SX) N (Nyox TK) # 6.

We can deduce the following corollary directly from Theorem 2.

Corollary 1. Let X be a nonempty compact set, (Y, D; T') be a G-convex space, T : X
— 2.S:X — 2° Suppose that

(D foreachx € X, T(x)1s compactly closed in Y,

(2) T 13 a new S-KKM map,

(3) S 15 upper semi-continuous with compact values and clv (S(X)) 1s G-convex.

Then cly (SX)) N (N, TX) = .

Proof. Since S : X — 2° is upper semi-continuous with compact values and X is
compact, S(X) 1s compact and hence clv (S(X)) 1s compact. By Theorem 2, cly (S(X)) M
(Nyex TX) =9

Theorem 3. Let X be a nonempty set in a Hausdortf topological vector space, (Y, D;

') be a G-convex space, K be a compact subset of Y, T: X— 2, S:X — 2"

Suppose that

(1) for each x € X, T(x) 1s compactly closed in Y,

(2) T 1s a new S-KKM map,

(3) for each compact convex subset C of X, clv (S(C)) 1s a compact G-convex subset of
Y.

(4) for each N € < X >, there exists a compact convex subset Lx of X containing N
such that cly (S(Ly)) N (N ., T&) < K

Thencly SX)) N K N (N, .« TK) #¢.

Proof. Suppose that clv (S(X)) N K n(N .« Tx) = ¢. Let Fx)=Y \ T(x) for all x
€ X.Thencly (SX)) m K < F(X). Since K 1s compact, there existsa N € <X >
such that cly (S(X)) » K < FN). We choose Ly as in (4). Then cly (S(Ly)) \ K <
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F(Lv). Thus,
cly (SAw) < F(Ly). (1.1
Since Lx 15 a compact convex subset 1n X, clv (S(Lv)) 1s compact G-convex in Y from
(D). Define H:Lx — clv (S(Ly)) by HX)=Tx) m clv (SI)) for all x € X. By (2),
the map H has closed values in clv (S(Lv)). ForeachM € <X >, by (3), foreach A €
<SM) >, I'n < TM). Since clv (S(Lv)) 1s G-convex, I'a < clv (S(L~)). Hence TI'a
< TM) n cly (S(Lv) and H is a new S-KKM map. By Theorem 2, m, . Hx)
# ¢ . Thatis, clv (S(Ly) N (N, o TX)) # ¢ . Thenclv (S(Ly)) & F(Ls) which is a

contradiction to (1.1). Hence the result follows.

If Y 1s a convex space and S(x) = { s(x) } for each x € X, where s is a continuous
affine mapping, then, for each compact convex subset C of X, S(C) is compact convex

subset of Y and so 1s clv (S(C)). By Theorem 3, we can get the following corollary.

Corollary 2. Let X be a nonempty convex set in a Hausdorff topological vector space, Y

be a convex space, K be a compact subset of Y, T: X — 2", s:X—> Ybea

continuous affine mapping and S(x) = { sx) } forall x € X. Suppose that

() foreachx € X, T(x)1s compactly closed in Y,

(2 foreachM € <X >, coSM)) < TM),

(3) for each N € < X >, there exists a compact convex subset Lx of X containing N
such that clv S(Ly)) N (N, . Tx) < K

Thencly SX) N K N (N, TK) #¢.

Remark 1. If we replace the condition (4) in Theorem 3 and the condition (3) in
Corollary 2 with the following condition, the conclusions still hold:
there 1s a compact convex subset Xo of X such that} clv (SG))N (N, TK) <

K.

Use another condition different from Theorem 3, we have the following global
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intersection theorem.

Theorem 4. Let X be a nonempty set, (Y; T') be a G-convex space, S, T: X — 2"
such that

(1) T 1s a new S-KKM map,

Q) T:X — 2" has compactly closed values in Y,

(3) there exists a compact subset K of Y such that for each N € < X >, there exists a

compact G-convex subset Lv of Y with S'(Lx) containing N such that

) Tx) < K.

xeSHLy)

ThenK M (mxex T(X)) * ¢

Proof. By using apagoge and the Brouwer’s fixed point theorem, one can easy to deduce

the whole intersection 1s nonempty.

Remark 2. Theorem 4 contains the Theorem 1 in [7].

3. The Existence Results of Fixed Points

We first establish the following matching theorems to deduce the existence result of

fixed points.

Theorem 5. Let X be a nonempty set in a Hausdorff topological vector space, (Y, I')

be a G-convex space, K be a compact subset of Y, G : X — 2" be a surjection with

compactly open values in Y, S, T : X — 2". Suppose that

(1) for each compact convex subset C of X, clv (S(C)) 1s a compact G-convex subset of
Y.

() foreachA € <S(X)>andeachy € I F'(y)isa convex subset of X,
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(3)foreachx € X,Gx) < FX),

(4) there exists a compact convex subset Xo of X such that cly (SX)) \K < G(Xo).

Then there exist N € <X >and A € <S(N) > such that I'a N (N, o) FX)
Q.

Proof. From the surjectivity of G and (3), we have F'(y) # ¢ foreachA € <SX)>
and eachy € TI'a.Let Tx)=Y \GX) for all x € X. Then T has compactly closed
values. By (4), clv (S(X)) N (N,x, T®) < K. Now, we discuss two cases as
follows.

Case (a): If clv (SX)) N (Nyx, TK) = ¢. Then cly (SXo)) N (N, oy, TX)) =
@ . By Theorem 2, T 1s not a new S-KKM map. Then there exist N € < X > and A
€ < S(N) > such that I'ns & T(N). This means that thereisay € I'a such thaty
g TN)=Y\ (N, _y GX). Theny € N, GX) < N,y F&),by B). ThusN <
F'(y). From ),y € N, com)F®). Thatis, Ta N (N, o) FX) # 6.

Case (b): If clv (SX) N (M ox, T®) # ¢ . We claim that T is not a new S-KKM
map. Suppose T 1s a new S-KKM map. Then, by Theorem 3, clv (SX)) n K m
(Nyox TX)#= @ . Then N,y T(x) # ¢ . Therefore, G(XX) # Y, which contradicts

the surjectivity of G. Then, as in the proof of Case (a), we have the conclusion.

Theorem 6. Let (X; T') be a G-convex space, f, g, S : X — 2" be two set-valued
maps such that

(1) for each xe X, f(x) 1s nonempty and G-convex subset of X,

(2) g has compactly open values and f'(y) contains some g(y) for each ye X,

(3) there i1s a compact subset K of X such that for each N e <X>, there is a co

mpact G-convex subset Lx of X with S'(Lx) containing N such that

N ) g’x) <K, and

x €S YLy

@ v ex)=X.
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Then there are Te <X> and Be <S> such that Ty N N f X% .

Proof. Define T : X — 2" by T(x)= g'(x). From (4), T° is a surjective map. Hence
Ny .x Tx)=¢ . By Theorem 4, T is not a new S-KKM map. Then there are € <X> and

B e <S> such that Iy & Y T(x). Thus there is a z€ I'; such that z ¢ Y T(x) or
ze N T'x). This implies that Ic g'(z)c f(z). Since f(z) is G-convex, I, cf(z) or

z€ N f'(x). Therefore, Ty NN f'x)# ¢ .

Corollary 3. Let X be a compact Hausdorff convex space, G : X — 2" be a surjection
with compactly open valuesin X, S, T: X — 2% Suppose that

(1) for each compact convex subset C of X, clx(S(C)) 1s a compact convex subset of X.
(2) foreachy € co(SX)), F'(y) is a convex subset of X,

(3)foreachx € X,Gx) < FX),

Then there exist N € <X >and A € <S(N) > such that co(A) N (N, 0w ) FX))
¢,

Proof. Since X is compact and G is surjective with compactly open values, there exists
anN e <X >suchthat X < G(N). Hence cvS(X)) < X < GIN) < G(co(N)).
If we take Xo=co(N) and K=¢, then the condition (4) of Theorem 4 holds. Applying

Theorem 4, we have the conclusion.

If we take SX) = { x } foreach x € X and X=Y is a convex space in Theorem 4,

then we have the following fixed point theorem.

Corollary 4. Let X be a nonempty Hausdorff convex space, K be a compact subset of X,
G: X —2"be a surjection with compactly open values in X, F : X — 2", Suppose that

(1) foreachy € X, F'(y)is a convex subset of X,
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(2) for each x € X, Gx) < FX),
(3) there exists a compact convex subset Xo of X such that X \K < G(Xo).
Then there exists an N € < X > such that coN)N (N, ceon) FX)) # ¢ . Hence,

thereexistsa Y € co(N)suchthat Y € F(y).
Remark 3. Corollary 4 generalizes Tarafdar's fixed point theorem [6].

Corollary 5. Let X be a nonempty Hausdorff compact convex space, G: X — 2 be a
surjection with compactly open values in X, F: X — 2. Suppose that

(1) for each y € X, F'(y) is a convex subset of X,

(2) for each x € X, Gx) < FX).

Then there exists N € < X > such that colN) N (N vy F&X)) # ¢ . In particular,
there exists Y € co(N) suchthat ¥ € F(Yy ). Thatis, F has a fixed point Y 1in
co(N).

Remark 4. Corollary 5 generalizes Browder's fixed point theorem [1].

To the end, we can easy to derive the following fixed point theorem form Th

eorem 6 with S 1s an identity map.

Corollary 6. Let (X; T') be a G-convex space, f, g, S : X — 2" be two set-valued
maps such that

(1) for each x € X, f(x) is nonempty and G-convex subset of X,

(2) g has compactly open values and £'(y) contains some g(y) for each y € X,

(3) there 1s a compact subset K of X such that for each N e <X>, there 1S a compact

G-convex subset Ly of X with Ly containing N such that N o‘x) <K, and

@ v ex)=X.
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Then there 1s a B € <X> such that I'; N 0 f'(x)# ¢ . In particular, f has a fixed point.
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