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Abstract

In this projection report, we construct 
some fixed point results for set-valued maps 
on pseudo H-spaces and product spaces of  
pseudo H-spaces by using the whole 
intersection theorem (Theorem 1 in section 3). 
As applications, we establish the existence 
result of the equilibrium point in the abstract 
economies. We also derive a Ky Fan Type 
minimax inequality on pseudo H-spaces.
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Space, Fixed Point Theorem, Equilibrium Point, 
Abstract Economy, Ky Fan type inequality.

2. Prelimilies

Let I be an index set and for each c, let
Ei be a topological space. Let E=

Ii∈
Π Ei. For 

each i∈I, let Ti : E → 2Ei be a set-valued 
map. A point ∈x E is called a fixed point of 
T(x)=

Ii∈
Π Ti(x) if ∈x T( x ). That is, ∈ix   

Ti ( x ) for each i ∈ I, where ix is the 
projection of x onto Ei.

In 1992, E. Tarafdar[T92] established 

the model of the abstract economies in 
product H-spaces [H87], and discussed the 
existence of equilibrium points of the
abstract economies by using the fixed point 
theorem on the product H-spaces. E. Marchi 
et al [ML93] used the Peleg’s theorems to 
establish the fixed point theorem in the 
product H-spaces, and deduce the Ky Fan 
type inequalities and present a generalization 
of Ky Fan’s intersection theorem for sets 
with convex section.

In the recent years, the fixed point 
theorems on the product space of various
generalized spaces have been discussed by 
many authors. Lin et al [LP98] established 
the theorems on G-convex spaces. Ansari el 
al [ALY00] discussed the theorem on the 
product space of Hausdorff topological 
spaces with applications to abstract 
economies. D. O’Regan [O98] discussed the 
theorem on Hausdorff topological space by 
using the DKT mapping, and also discussed
the existence theorem of equilibrium point in 
abstract economies.

The main results of this projection 
report is to derive more general fixed point 
theorems on the product space of pseudo 
H-spaces. From this direction, we can 
establish the existence theorems of 
equilibrium point of abstract economies. 

Now, we first define the pseudo 
H-space and q-map as follows.
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Definition 1. Let X be a topological space. 
The pair (X, q) is said to be a pseudo H-space 
if for each nonempty finite subset A of X, the 
mapping q : △ |A|-1 →  2X is continuous  

with nonempty compact values.

Lemma 1. Any finite product space of 
pseudo H-spaces is also a pseudo H-space.

Definition 2. Let (X, q) be a pseudo H-space. 
A mapping F : X → 2X is a q-map if For 
each nonempty finite subset A of X, q(△
|A|-1) ⊂ )(xF

Ax∈
∪  and q(△ |J|-1) ⊂ )(xF

Jx∈
∪  for 

all nonempty finite subset J of A.

3. An Intersection Theorem.

We first discuss the following intersection 
theorem.

Theorem 1. Let (X, q) be a pseudo H-space. 
A mapping F : X → 2X is a q-map with 

compactly closed (or compactly open) values. 
Then φ≠∩

∈
)(xF

Lx
 for all nonempty finite 

subset L of X. Furthermore, if )(xF
Nx∈

∩  is 

compact for some nonempty finite subset N 
of X, then φ≠∩

∈
)(xF

Xx
.

4. Some Fixed Point Results.

We shall use Theorem 1 to derive the 
following fixed point theorems.

Theorem 2. Let (X, q) be a pseudo H-space. 
The mapping O : X → 2X has open values. 
f : X → 2X. Suppose that 

(1) for each y∈X, for each nonempty finite 
subset A of X\(Oc)-1(y), q( △ |A|-1) ⊂

X\(Oc)-1(y),

(2) f-1 (x) contains at least one O(x) for each 

x∈X,

(3) X= )(xO
Xx∈

∪ ; and

(4) )(xO c

Nx∈
∩  is compact for some nonempty 

finite subset N of X.

Then f has fixed point.

The condition (1) in Theorem 2 can be 
replace by (1’) as follows, the conclusion still 
hold.

Theorem 3. Let (X, q) be a pseudo H-space. 
The mapping O : X → 2X has open values. 
f : X → 2X. Suppose that 

(1’) for each w∈X, for each nonempty finite 
subset A of f(w), q(△|A|-1) ⊂ f(w),

(2) f-1 (x) contains at least one O(x) for each 
x∈X,

(3) X= )(xO
Xx∈

∪ ; and

(4) )(xO c

Nx∈
∩  is compact for some nonempty 

finite subset N of X.

Then f has fixed point.

By using Theorem 3, we can discuss the 
following fixed point theorem in the product 
space of pseudo H-spaces. 

Theorem 4. Let I be a finite index. For each 
i∈I, (Xi, qi) is a pseudo H-space. X=

Ii∈
Π Xi. 

Oi : Xi → 2X has open values. fi : X → 2Xi. 

Suppose that 
(1) for each i ∈ I and w ∈ X, for each 

nonempty finite subset Ai of f i(w), qi (△
|Ai|-1) ⊂ fi (w),

(2) for each i∈I , fi
-1 (xi) contains at least one 

Oi (xi) for each xi∈Xi,
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(3) for each i∈I , X= )( iii
xO

Xxi∈
∪ ; and

(4) for each i∈I, )( i
c

iNixi
xO

∈
∩  is compact for 

some nonempty finite subset Ni of Xi.
Then f=

Ii∈
Π fi has fixed point.

5. Application to Abstract Economies.

The abstract economic model introduced 
by Tarafdar [T92] is described on H-space. 
By adapt the technique of Tarafdar, we can 
discuss the abstract economies on pseudo 
H-space. Now, we state the model as follows. 
Let {(Xi, qi) : i∈I} be a family of pseudo 
H-spaces, where I is an index. For each i∈I, 
Ti: X

Ii∈
Π Xi→2Xi is the constraint set-valued 

mapping and Ui: X→R is the utility or pay 
off function. For each i∈I, the preference 
set-valued mapping Pi : X→2Xi is defined by 
Pi (x) = {yi ∈ Xi : Ui(yi,xi)>Ui(x)}, where 
xi ∈Xi  and Xi =

ij
Ij

≠
∈
Π  Xj for each i∈I. An 

abstract economy is defined by E={(Xi, qi, Ti, 
Pi): i ∈ I}. A point x ∈ X is called an 
equilibrium point or a generalized Nash 
equilibrium point[N50] of the economy E if 
Ui( x )=Ui( x i, x i)=

)(
sup

xTz ii ∈
Ui(zi, x i) for 

each i∈I. Hence, an equilibrium point x ∈X 
of the economy E is given by x i∈ Ti( x ) 
and Pi ( x )∩Ti ( x )=φ  for each i∈I.

Theorem 5. Let I be a finite index. For each 
i∈I, (Xi, qi) is a pseudo H-space. X=

Ii∈
Π Xi. 

Oi : Xi → 2X has open values. Pi , Ti : X →

2Xi. Suppose that 
(1) for each i ∈ I and w ∈ X, for each 

nonempty finite subset Ai of T i(w), qi (△
|Ai|-1) ⊂ Ti (w), and for each nonempty 
finite subset Bi of P i(w), qi (△|Bi|-1) ⊂ Pi

(w),

(2) for each i∈I , Ti
-1 (xi) ∩ (Gi

c ∪ Pi
-1(xi)) 

contains at least one Oi (xi) for each 
xi∈Xi,

(3) for each i∈I , X= )( iii
xO

Xxi∈
∪ ,

(4) for each i∈I, )( i
c

iNixi
xO

∈
∩  is compact for 

some nonempty finite subset Ni of Xi; 
and

(5) for each i∈I and for each x∈X, xi∈Pi(x) 
and Ti(x) φ≠ .

Then the abstract economies E={(Xi, qi, Ti, 
Pi): i∈I} has an equilibrium point.

6. The Ky Fan type minimax inequality.

Finally, we derive the Ky Fan type 
minimax inequality[F72] on pseudo H-space.

Theorem 6. Let (X, q) be a pseudo H-space. 
The mapping f : X×X → R. Given any ì∈R.

Suppose that 

(1’) for each y∈X, for each nonempty finite 
subset A of { x∈X : f(x,y) > ì}, q(△
|A|-1) ⊂  { x∈X : f(x,y) > ì},

(2) for each for each nonempty finite subset
A of X and z∈△|A|-1, f(w,w) ≤ ì for all 

w∈q(z).

Then for any given nonempty finite subset L 
of X, there is a y0∈X such that f(x,y0) ≤ ì for 
all x ∈ L. In additional, if 

Mx∈
∩ { y ∈ X : 

f(x,y) ≤ ì} is contained in a compact subset of 
X for some nonempty finite subset M of X, 
then there is a y0∈X such that f(x,y0) ≤ ì for 
all x∈X. 

We note that under the hypothesis of 
Theorem 6, if ì=

Xx∈
sup f(x,x), then the last 

assertion can deduce that the following 
inequality hold : 

XxXy ∈∈
supinf f(x,y) ≤

Xx∈
sup f(x,x).
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